QUANTUM MONODROMY AND NON-CONCENTRATION 
NEAR A CLOSED SEMI-HYPERBOLIC ORBIT 



HANS CHRISTIANSON 



Abstract. For a large class of scmiclassical operators P(h) — z which includes 
Schrodinger operators on manifolds with boundary, we construct the Quantum 
Monodromy operator M(z) associated to a periodic orbit 7 of the classical 
flow. Using estimates relating M(z) and P(h) — z, we prove semiclassical 
estimates for small complex perturbations of P(h) — z in the case 7 is semi- 
hyperbolic. As our main application, we give logarithmic lower bounds on 
the mass of eigenfunctions away from semi-hyperbolic orbits of the associated 
classical flow. 

As a second application of the Monodromy Operator construction, we prove 
if 7 is an elliptic orbit, then P(h) admits quasimodes which are well-localized 
near 7. 
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1. Introduction 

1.1. Statement of Results. To motivate our general results, we first present a few 
applications. Suppose (X, g) is a compact Riemannian manifold with or without 
boundary. Let — A g be the Laplace-Beltrami operator on X and assume u solves 
the eigenvalue problem 

-A 5 u = X 2 u, \\u\\ L 2 (X ) = 1. 

Assume 7 is a closed semi-hyperbolic geodesic satisfying cither 7 n dX = 0. or 
the reflection at the boundary is transversal. Then if U is a sufficiently small 
neighbourhood of 7, we prove 

(L1) L""^I5W I*'- 00 ■ 

From [Chrlj , we have an application to exponential decay of L 2 energy for the 
damped wave equation: suppose a{x) is positive outside of U and u satisfies 

(pi - A + 2a{x)d t ) u(x, t) = 0, (x, t) g X x (0, 00) 
u(a?,0) = 0, d t u(x,0) = /0). 



\^Ux) + W\l'(X)<Ce-^°\\f\\%. 



Then 

■ A \ L 2 {X) I" || VU|| i2(X) ' " \\J \\H<(X)1 

for each e > 0. 

In addition, we have two dispersive type estimates from [Chr2j . The first is 
a local smoothing estimate for the Schrodinger equation. Suppose X is a non- 
compact manifold which is asymptotically Euclidean, and there is a hyperbolic 
closed geodesic 7 C U <s X. Then for every e > 



T 



2 



„ 1/2 - e( x) d< - C||Wo|l W 
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where p s £ C°°(M) satisfies 

p s (x) = (d g (x,xo)}~ s 
for x fixed and x outside a compact set, and V G C°°(M), < V < C satisfies 

|W| < C(dist (x^o))' 1 ' 5 

for some S > 0. 

The second dispersive estimate is a sub-exponential local energy decay rate for 
solutions to the wave equation in odd dimensions n > 3. Suppose X is a non- 
compact Ricmannian manifold which is Euclidean outside a compact set, and sup- 
pose u solves 

f {-D 2 t - A g + V(x))u(x,t) = 0, Xx[0,oo) 
\ u(x, 0) = it G H X {X), D t u{x, 0) = iti G L 2 {X) 

for uq and u\ smooth, compactly supported, where V G C°°(M) satishcs 

exp(— dist g (x,xo) 2 )V = o(l). 

Let i> G C°°(X) satisfy 

tp = exp(— dist g (x, Xq) ) 
for x outside a compact set and xq fixed. Then 

\\i/}d t uf L2{x) + \\ipuf H1(x) 

< Ce- tl/2 ' c (\\d t u{x,G)\\ 2 H e { x) + ll«(^0)Hiri + .(x)) ■ 

For the general statement of results, let X be a smooth, compact manifold. In 
this introduction, we state the Main Theorem only in the case dX = 0. The case 
with boundary will be considered in SJU We take P(h) G V I / ^' for k > 1 and assume 
P(h) is of real principal type. That is, if p = C°°(T*X) is the principal symbol 
of P(h), then p is real- valued, independent of h. Assume p^ 1 (E) is a smooth, 
compact hypersurface and dp(x,£) ^ for energies E near 0. We assume p is 
classically elliptic outside of a compact subset of T*X: there exists C > such 
that 

|£|>C =► P (x,0>(O k /C 

We refer the reader to |J5]for definitions. 

Let $t = exp tH p be the Hamiltonian flow of p, and suppose $t has a closed, 
scmi-hypcrbolic orbit 7 C {p — 0} of period T . The assumption that 7 be semi- 
hyperbolic means if TV is a Poincare section for 7 and S : — > S(N) is the 
Poincare map, then the linearization of S, dS(0), is nondegenerate and has at least 
one eigenvalue off the unit circle. For the eigenvalues of modulus 1 we also require 
the following nonresonance assumption for energies near 0: 

f 1 2) / ^ e±mi ' e±m2 j • • • j e ±Mfc are eigenvalues of modulus 1, then 
1 cti, a2, ■ • ■ , Qffc are independent over ttZ. 

We prove for a family of eigenfunctions u(h) for P(h), 

P(h)u(h) = E(h)u(h), E(h) -> as h -> 0, 

has its mass concentrated away from 7. This is made precise in the following 
theorem. 
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Main Theorem. Let A £ (X) be a pseudodifferential operator whose principal 
symbol is 1 near 7 and away from 7. There exist constants ho > and C > 
such that 

M < c VMVft) ||p(feH| + c ^i7^|| (/ _ AH! 

uniformly in < h < ho, where the norms are L 2 norms on X . In particular, if 
u(h) satisfies 

f P(h)u{h) = 0(h°°); 
I ||u(fc)||i» W = 1, 

||(/ - AH| i2m > I (log (i//0)~* , < ft < ho. 

Remark 1.1. In §Qwc assume P(h) £ Diff 2 (X ) is a differential operator on X and 
that dX is noncharacteristic with respect to the principal symbol of P(h). Then a 
similar conclusion to the Main Theorem holds (see Main Theorem' in that section) . 

Remark 1.2. In Mill we give a partial converse to the Main Theorem in Theorem 
IH1 That is, the techniques of the proof of the Main Theorem are used to show if the 
periodic orbit 7 is elliptic, then P(h) admits quasimodes which are well-localized 
to 7. 

Remark 1.3. The estimates in this work are all microlocal in nature, hence we 
lose nothing by assuming X is compact. In order to apply these estimates in the 
case of non-compact manifolds, we assume P is classically elliptic and the geometry 
is non-trapping outside of a compact submanifold and then apply our results there. 
See |Chr2j for more on this. 

The Main Theorem is the similar to [Chrll Main Theorem] with three gener- 
alizations, namely that we no longer assume the linearized Poincare map has no 
negative eigenvalues, we allow some eigenvalues of modulus 1, and in Sj3]wc allow 7 
to reflect transversally off dX with some extra assumptions on P(h). This allows 
study of, for example, billiard problems in any dimension. The problems encoun- 
tered in [Chrlj with these cases come from attempting to put p into a normal form 
in a neighbourhood of 7 C T*X. 

The motivation for the proof in this paper is to reduce the problem of studying 
the resolvent (P — z) _1 in a microlocal neighbourhood of 7 to studying a related 
operator on the Poincare section N. 

If we identify N with T a *N ~ R 2 ™ -2 near 0, we are led to study operators acting 
on L 2 (V), where V C R n_1 . In the course of this work, we will see the relevent 
object of study is the Quantum Monodromy operator M(z) : L 2 (V) — > L 2 (V). By 
setting up a Grushin problem in a neighbourhood of 

7 x (0,0) C T*X x T*M"~ 1 , 

and using the microlocal inverse constructed by Sjostrand-Zworski in |SjZwl| , we 
will see it is sufficient to bound \\I — M(z)\\l2^y^ L 2^ v - ) from below. This will result 
in the following theorem. 

Theorem 1. Suppose P £ V I / ^ is a semiclassical pseudodifferential operator of 
real principal type satisfying all of the assumptions of the introduction, and assume 
7 Pi dX = 0. Then there exist positive constants C , Co, ho, eo, and a positive 



QUANTUM MONODROMY 



5 



integer N such that for < h < ha, z £ [— eo, eo] + i(—coh, cgh), if u £ L 2 (A") ftas 
h-wavefront set sufficiently close to 7, i/ien 

(i-3) iKP-^n^^c-^iiniu^). 

Theorem [T] allows us to add a complex absorption term of order h supported 
away from 7. Let a £ C°°(T*X) equal in a neighbourhood of 7 and 1 away from 
7, and define 

(1.4) Q(z)u = P(h)-z-ihCa w 

for a constant C > to be chosen later. Then a semiclassical adaptation of the 
"three-lines" theorem from complex analysis, will allow us to deduce the following 
estimate. 

Theorem 2. Suppose Q(z) is given by (|1 .4[) . and z £ [— eo/2,eo/2] <s K.. TTien 
there is ho > and < C < 00 swc/i i/iai /or < h < hg, 

(!-5) ll ( 3( z ) _1 |L2 (x) ^ L 2 (x) < C ~^J~- 

If (p £ C£°(X) is supported away from 7, then 



1.2. Examples. There are many examples in which the hypotheses of the theorem 
are satisfied, the simplest of which is the case in which p = |£| 2 — E(h) for E(h) > 0. 
Then the Hamiltonian flow of p is the geodesic flow, so if the geodesic flow has a 
closed semi-hyperbolic orbit, there is non-concentration of eigenfunctions, u{h), for 
the equation 

-h 2 Au(h) = E{h)u{h). 

Another example of such a p is the case p = |£| 2 + V(x), where V(x) is a confining 
potential with two "bumps" or "obstacles" in the lowest energy level (see Figure 
[I}. In the appendix to |Sjo| it is shown that for an interval of energies V(x) ~ 
0, there is a closed hyperblic orbit 7 of the Hamiltonian flow which "reflects" 
off the bumps (see Figure [2]) . Complex hyperbolic orbits may be constructed by 
considering 3-dimensional hyperbolic billiard problems (see, for example, |AuMa[ 
§2]). In addition, Proposition 4.3 from |Chrlj gives a somewhat artificial means of 
constructing a manifold diffeomorphic to a neighbourhood in T*Sj t r ^ x T*!^ - ^ 
which contains a hyperbolic orbit 7 by starting with the Poincare map 7 is to have. 
In the appendix, we examine the Riemannian manifold 

M = R x /Z x R y x R z 

equipped with the metric 

ds 2 = cosh 2 y(2z 4 - z 2 + l) 2 dx 2 + dy 2 + dz 2 , 

which has a semi-hyperbolic closed geodesic at y = z = and two hyperbolic 
closed geodesies at y = 0, z — ±1/2. Restricting y and z to compact intervals 
yields a compact manifold satisfying the hypotheses of the Main Theorem, while 
the non-compact manifold provides a model for possibly extending the dispersive- 
type estimates to the semi-hyperbolic case. 
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V(x) = 



FIGURE 1. A con- 
fining potential V(x) 
with two bumps at 
the lowest energy 
level E < 0. 



Figure 2. The 
level set V{x) = 
and the closed hy- 
perbolic orbit 7 
reflecting off the 
"soft" boundary. 



1.3. Organization. This work is organized as follows. In [J2]we recall basic facts 
from the calculus of semiclassical pseudodiffcrential operators on manifolds and S}3] 
contains some results from the theory of h- Fourier Integral Operators (/i-FIOs). 
SJH reviews the classical picture of a closed orbit reflecting transversally off the 
boundary and contains the details of a propagation of singularities result and the 
statement of the Main Theorem in the case of manifolds with boundary. <JS1 gives 
the definition and basic facts about the Quantum Monodromy operator M(z), 
while shows how M(z) arises naturally in the context of a Grushin problem. 
33 presents the main ideas of the proof of Theorem [1] by considering a model. In 
■UK] the proof of Theorem [1] is presented, while the proof of Theorem [5] and the 
Main Theorem is reserved for t jlOl Finally, in Hill we show how the Monodromy 
operator construction can be used to construct well-localized quasimodes if 7 is 
elliptic. In the appendix, we review some facts from the theory of ODEs, and 
present some tools from symplcctic geometry, and provide a concrete example of a 
semi- hyperbolic orbit. 

1.4. Acknowledgements. The author would like to thank Maciej Zworski for 
much help and support during the writing of this work, as well as Nicolas Burq for 
suggesting study of the monodromy operator as a means of tackling the boundary 
problem. He would also like to thank Herbert Koch for suggesting the generalization 
to semi-hyperbolic orbits, and Michael Hitrik for much help in working out the 
model case for Theorem [51 The majority of this work was conducted while the 
author was a graduate student in the Mathematics Department at UC-Berkeley 
and he is very grateful for the support received while there. 
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2.1. /i-Pseudodifferential Operators on Manifolds. We will be operating on 
half-densities, 



u(x)\dx\* S C°° f^njf , 
with the informal change of variables formula 

u(x)\dx\z = v(y)\dy\^ , for y = n(x) ^ v(k(x))\k' (x) \ 1 = u(x). 
By symbols on X we mean 
S k,m (t*X, Of „ x ) := 

= [a G C°°(T*X x (0,1], fl*.*) : \d^a(x,^;h)\ < C a0 h~ m (O^ 101 } ■ 

We remark that the symbols we consider are half-densities on the cotangent bun- 
dle with the natural symplectic structure, and in the course of this work we will 
use only symplectic changes of variables on T*X. Consequently the change of 
variables formula is invariant on symbols: if n : T* X — ► T* X is symplectic and 

a G S k > m (t*X, Of , 

k* a(as,£)|d£ Adx\% = cl(k,(x , £))\k* d£ A dx\i 
= a(re(x,£))|d£ A dx\i . 

Hence we don't keep track of the |g?£ A dx\i except where confusion may arise. 

There is a corresponding class of pseudodifferential operators $ h ' m (X, fij^-) act- 
ing on half-densities defined by the local formula (Weyl calculus) in K": 

Op £(«)«(*) = — jL; J J a O^Ah) e^^'^'X^)*/^. 

We will occasionally use the shorthand notations a w := Op^(a) and A := Op^(a) 
when there is no ambiguity in doing so. We also use the notation P G Diff^ when 
P is a semiclassical differential operator. 
We have the principal symbol map 

o h ■. $ k h > m (x,ni) -> s k ' m /s k ' m - 1 (r*x,n^ x 

which gives the left inverse of Op ™ in the sense that 

~ « w . c?k,m , ck,rn j ck,m— 1 

a h o Up h . O ' — > 6 /O 

is the natural projection. Acting on half-densities in the Weyl calculus, the principal 
symbol is actually well-defined in S k ' m / S k < m ~ 2 , that is, up to 0(h 2 ) in h (see, for 
example |EvZw( Theorem D.3]). 

We will use the notion of wave front sets for pseudodifferential operators on 

manifolds. If a G S k ' m (T*X, il^,*x )> we define the singular support or essential 
support for a: 

ess-sup P/l a C T*X|J§*X, 

where E>*X = (T*X \ {0})/M + is the cosphere bundle (quotient taken with respect 
to the usual multiplication in the fibers), and the union is disjoint, ess-supp^a is 
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defined using complements: 
ess-supp ha := 

= C 1(1,0 eT*X:3e>0, 6%d%a{x' , f) = d(x, a;') + |£ - £'| < e} 

|JC{M) e T*X\0 : 36 > 0, 9«afa(x',0 = O^ 00 ^" 00 ), 

d(x,x') + i/|e'| + IC/iei-e7l^ll <£}/»+• 

We then define the wave front set of a pscudodiffcrcntial operator A G ^fj(X, Sl x ) : 
W¥ h {A) := ess-supp h (a), for A = Op™ (a). 

i 

Finally for distributional half-densities u G C°°((0, 1]/,, T>'{X, £l x )) such that there 

i 

is A^o so that /i^u is bounded in T>'(X, £l x ), we can define the semiclassical wave 
front set of u, again by complement: 

WF h (u) := 

= C{(x,0 : 3A G with 7^ 0, 

and G h oo C eo ((0,i\ h ,C oo (X, oj))}. 

For A = Op^(a) and B = Op ^(6), a G <S fc >™, 6 G S k ' • m ' we have the composition 
formula 

(2.1) Aofl = Op > 
where 

(2.2) l s fc + fe '.'»+™' 3 a#6(s,0 := e^P-D^vA,) ( a (:r, £)%, r/)) 

with cj the standard symplectic form. 

Wc will need the definition of microlocal equivalence of operators. Suppose 

T : C°°(X,Q X ) -> C°°(X,fi|) and that for any scminorm || • ||i on C°°(X,Q X ) 

1 

there is a second seminorm || - ||a on C°°(X, fij^-) such that 

||T U || 1 = 0(ft- M »)|| u || a 

for some M fixed. Then we say T is semidassically tempered. We assume for 
the rest of this work that all operators satisfy this condition. Let U, V C T*X be 
open precompact sets. We think of operators defined microlocally near V x U as 
equivalence classes of tempered operators. The equivalence relation is 

T ~ T' A(T - r')-B = e>(/i°°) : Z>' (x, fijQ -> C°° (jf, ft| 

for any A, B E $>° h ' (X, Q x ) such that 

WF/j(j4) C V", WF ft (B) C U, with \/, £/ open and 

Fgh r*x, u <eU <s t*x. 

In the course of this work, when we say P = Q microlocally near V x U, we mean 
for any A, B as above, 

APB - AQB = L 2_ L 2 (h°°) , 
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or in any other norm by the assumed precompactness of U and V. Similarly, we say 
B = T^ 1 on V x U if BT = I microlocally near V x V and TB = I microlocally 
near U x U. 

We will need the following scmiclassical version of Bcals's Theorem: Recall for 
operators A and B, the notation ads^4 is defined as 

ad B A = [B, A] . 

Theorem (Bcals's Theorem). Let A : S — > S' be a continuous linear operator. 
Then A = Op ™ (a) for a symbol a G S 0,0 if and only if for all N 6 N and all linear 
symbols h,. ..Iff, 

adopted) oad o P ™(/ 2 ) o • • • o adop-( ;jv )A = 0{h N ) L 2^ L 2. 

2.2. Symbols with 2 Parameters. Wc will use the following results on symbols 
with two parameters. We will only use symbol spaces with two parameters in the 
context of microlocal estimates, in which case we may assume we are working in an 
open subset of M. 2n . We define the following spaces of symbols with two parameters: 

gk,m,fh (]^2n^ 

= {a e C°° (R 2n x (0, l] 2 ) : 

d^a(x,^h,h)\ < C aP h~ m h~ rn {i) k -^y 
For the applications in this work, we assume h > h and define the scaled spaces: 

S k,m,fh ( R 2n) . = 



aeC°° (R 2n x (0, l] 2 ) : 

S(\ac\+\/3\) 

h 



d%dPa(x,Z;h,h) < C ali h- m h-™ [\ ) 



As before, we have the corresponding spaces of semiclassical pseudodifferential op- 
erators yfr k > m > m and \fr ' m ' m } where we will usually add a subscript of h or h to 
indicate which parameter is used in the quantization. The relationship between Vf^ 
and is given in the following lemma. 

Lemma 2.1. Let a s S ' m ' m , and set 

b{x 1 ~)=a( K (h/h) h x, (h/rfsje s 1 :?'™ . 

There is a linear operator T, %, unitary on L 2 , such that 

Ovt{b)T hJl u^T h:h O V w h {a)u. 
Proof. For u e L 2 (M"), define T h ~ h by 

(2.3) T h lu{X) := (h/hy u Uh/h) ^X^j . 

We see immediately that T h r conjugates operators d w (x,hD x ) and b w (X,hDx)- 

□ 

We have the following microlocal commutator lemma. 



10 



HANS CHRISTIANSON 



Lemma 2.2. Suppose a £ S °°' ' ; 5 g g^oo,m,m^ m ^ ^ > ^ 
(aj JjM = Op£(a) ondB = Op£(&), 

f&J More generally, for each I > 1, 



(c) Ifae S" 00 ' ' , b £ 5r°°' m ' m , h> h, A = Op? (a), and B = OpF(6), ften 

2 

Proof. Without loss of generality, m = m = 0, so for (a) we have from the Weyl 
calculus: 

[A,B] = -Op^({a,b}) + h 3 I 9 " ad0b 

\|a| = |/3|=3 

since the second order term vanishes in the Weyl expansion of the commutator. 
Note d a a is bounded for all a, and observe for |/3| = 3, 



^6 = h 3 (ft 3 / 2 /r 3 / 2 ) 



For part (b) we again assume m = m — 0, and we observe that for I > 1 we no 
longer have the same gain in powers of h as in part (a). This follows from the 
fact that the /i-principal symbol for the commutator [A, [A, B]], —ih{a, —ih{a, b}}, 
satisfies 

(2.4) -ih{a,-ih{a,b}} = -h 2 (d s ad x (d E ad x b - d x ad^b) 

—dxads (dsadxb — dxadsb) 

(2.5) £ So" 00 - 1 '" 1 , 

since {a, b} involves products of derivatives of both a and b. 
For general I > 1, assume 

a h (ad^B) € So '" 1 ' 1 -' 

and a calculation similar to (|2.4j|2.5p finishes the induction. 

Finally, part (c) follows from the proof of part (a) with —1/2 replaced by 1/2 
and the composition formula (|2.2[) . □ 

2.3. A Lemma of Bony-Chemin. The following lemma (given more generally in 
jBoChj ) will be used in the proof of Theorem [T] We include a sketch of the proof 
from |SjZw3[ Proposition 3.7] here for completeness. It is easiest to phrase in terms 
of order functions. A smooth function m £ C°°(T*X; R) is called an order function 
if it satisfies 

m(x, f) < Cm(y, -q) (dist (x-y) + \£- v\) N 
for some N eN. We say a £ S l (m) if 

\d a a\ < C a h- l m. 
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If I = 0, we write S(m) := S°(m). 

Lemma 2.3. Let m be an order function, and suppose G G C°°(T*X;M.) satisfies 

(2.6) G(x,0-log(m(x,0)=O(l), 
and 

(2.7) d«d?G(x : = 0(1) /or (a, /3) ^ (0, 0). 
T/ien for G w = Op^(G) and \t\ sufficiently small, 

exp(tG w ) = Op%(b t ) 

for b t £ 5(m*). /fere e* G is defined as the unique solution to the evolution equation 

d t (U(t)) - G w U(t) = 
U(0) = id. 

Sketch of Proof. The conditions on G (|2.6p and (|2.7[) are equivalent to saying e* G G 
<S(m*). We will compare exptG™ and Op F (exp tG) . 

Claim 2.4. Set £/(i) := Op£'(e tG ) : S -> 5. For |t| < e , J7(i) is invertible and 
[/(t) _1 = Op If (&t) for 6 t s S(m~ f ), where e depends only on G. 

Proof of Claim. Using the composition law, we see U(—t)U(t) = id + Op™(£t), 
with E t — 0(t). Hence id + Op)f (Et) is invertible and using Beals's Theorem, we 
get (id + Op%(E t ))- 1 = OpJ°(ct) for c t G 5(1). Thus Op%(c t )U(-t)U(t) = id, 
so 

[/(t)- 1 = Opl '( Ct #cxp(-iG)), 
and subsequently 6 t G 5(m _t ). □ 

Now observe that 

^tf(-t) = -Op,T (Gexp(-iG)) , and U(—t)G w = Op£ ( e " tG #G) , 

so that 

(2.8) |K^") = 

= -Op£ (Gexp(-tG)) e tG ™ + Op£ (e~ tG #G) e tG ™ 
= Op^(A t ) e tG ™, 
for At G 5(m _t ). To see (|2.8|) . recall that by the composition law, 
e~* G #G = e~* G G + (terms with G derivatives) . 



Then the first terms in (|2.8p will cancel and the remaining terms will all involve at 
least one derivative of G, which is then bounded by (|2.7p . 

Set C{t) := -Op^ (At)U(-t)- 1 . Claim [2j implies C(t) = Op£(c t ) for a family 
Ct G S(l). The composition law implies ct depends smoothly on t. Then 

(I + C(t) ) i 11 ^^') = °^ A ^ ~ °Ph(.A t )e tGW = 0, 
so we have reduced the problem to proving the following claim. 
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Claim 2.5. Suppose C(t) = Op ™{ct) with a € 5(1) depending smoothly on 
t e (— eo,eo). If Q(t) solves 

f + C(t))Q(t) = o > 

\ Q(0) = OpJ»(g), with ?6 5(1), 
then Q(£) = Op^(qt) with q t £ 5(1) depending smoothly on t G (— eo,eo). 

Proof of Claim. The Picard existence theorem for ODEs implies Q(t) exists and is 
bounded on L? . We want to use Beals's Theorem to show Q(t) is actually a quan- 
tized family of symbols. Let l±, ... ,In be linear symbols. We will use induction to 
show that for any N and any choice of the lj, adop m (i 1 ) ° • • • ° ado P w (l N )Q(t) = 
0(h N )^2^, L 2 . Since we are dealing with linear symbols, we take h = 1 for conve- 
nience. First note 

^adop^('i) ° ' ' ' ° ad o P »(;„)QW + ad O p»(i0 ° • • • ° ad o P %(i N ) 
■ (C(t)Q(t)) = 

For the induction step, assume ado P ™(z 1 ) • • • °ad 0p ™(z fc )Q(i) = i s known for 
k < N and observe 

ad o P »(M ° ■ • • ° ad p»(i w ) (C(t)Q(t)) = 
= C(t)ad p •• • ° ad p + 
where i?(i) is a sum of terms of the form Afe(t)ad 0pj "'(; 1 ) ° ■ • • ° a dop™(i fc )'3W f° r 
each k < N and A k {t) = Opf t (a k {t)) with a k {t) 6 5(1). Set Q{t) = ad 0p u, (il) o 
• • • o &d op™ (i N )Q(t), and note that Q solves 

f (g + C(t))Q(t) = -R(t), 

\ Q(0) = 0(1)^2. 

Since R(t) = 0(1)^2^^,2 by the induction hypothesis. Picard's theorem implies 
Q(t) : 1? -> L 2 as desired. □ 

□ 

3. /i-Fourier Integral Operators 

In this section we review some facts about /i-Fourier Integral Operators (h- 
FIOs). For this work, we are only interested in a special class of /i-FIOs, namely 
those associated to local symplcctomorphisms. In order to motivate this, suppose 
/ : X — > Y is a diffcomorphism. Then we write 

f*u(x) = u(f(x)) = — L_ J e^-y^' h u{y)dydt 

and /* : C°°{Y) — > C°°(X) is an h-FlO associated to the nondegenerate phase 
function (p = (f(x) —y,£}- We recall the standard notation: if A : C^°(Y) — > V(X) 
is a continuous mapping with distributional kernel Ka S T>'(X x Y), 

WF' h (A) = {((x > O,(y,r,))€(T*XxT*Y)\0: 

(x,y;Z,- V )£WF h (K A )}. 

In this notation, we note 

WF',/* C {((x,0,(y,v)):y = f(x), ^= f D w f-r,}, 
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which is the graph of the induced symplectomorphism 

K (x,0 = (f(x),( t D x f)- 1 (0). 

Now let A(t) be a smooth family of semiclassical pseudodifferential operators: 
A(i) = Opf(a(t)) with 

a(f)er([-l,l] f ;5^ (T*X)), 

such that for each t, WF h (A(t)) <s T*X. Let U(t) : L 2 {X) L 2 (X) be defined by 



(3.1) 



hD t U{t) + U(t)A(t) = 0, 
£7(0) = U e *%°(X), 



where D t = —id/dt as usual. If we let ao(t) be the real- valued /i-principal symbol 
of A(t) and let n{t) be the family of symplectomorphisms defined by 

\ k(0)(x,Z) = (x,0, 

for (x,£) E T*X, then U(t) is a family of /i-FIOs associated to n(t). We have the 
following well-known theorem of Egorov. 

Theorem (Egorov's Theorem). Suppose B 6 ^ h ' m (X), and U(t) defined as above. 
Suppose further that Uq in (|3.1|) is elliptic (o~h{Uo) > c > 0). Then there exists a 
smooth family of pseudodifferential operators V(t) such that 



(3.2) 



a h {V{t)BU(t)) = ( K (t))*a h (B) 

'h 



V(t)U(t) - I, U(t)V(t) — I £ *~ 00 '- 00 (X). 



Proof. As Uq is elliptic, there exists an approximate inverse Vo, such that UqVo — 
I, V Uo -I e -qj- 00 '- 00 . Let V(t) solve 

hD t V{t) - A{t)V(t) = 0, 
V(0) = v . 

Write B(t) = V(t)BU(t), so that 

hD t B(t) = A(t)V(t)BU(t) - V(t)BU(t)A(t) = [A(t),B(t)] 
modulo v]/" 00 ' -00 . But the principal symbol of [A(t), B(t)] is 

a h ([A(t),B(t)}) = - i {a h {A{t)),a h {B{t))} = ^H ao{t) a h (B(t)), 

so (|3.2[) follows from the definition of n(t). □ 

Let U := U(l), and suppose the graph of k is denoted by C. Then we introduce 
the standard notation 

U £ I° h (X x X; C), with C" = {(*, £; y, -77) : (x, = /s(y, r?)} , 

meaning L/ is the ft,-FIO associated to the graph of n. The next few results when 
taken together will say that locally all /i-FIOs associated to symplcctic graphs are 
of the same form as U(l). First a well-known lemma. 
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Lemma 3.1. Suppose k : neigh (0,0) — > neigh (0,0) is a symplectomorphism fixing 
(0,0). Then there exists a smooth family of symplectomorphisms Kt fixing (0,0) 
such that kq = id and Ki = k. Further, there is a smooth family of functions gt 
such that 

(3.3) !L Kt = ( Kt )^H gt . 

The proof of Lemma 13.11 is standard, but we include a sketch here, as it will be 
used in the proof of Theorem [1] 

Sketch of Proof. First suppose K : R 2n — > R 2n is a linear symplectic transforma- 
tion. Write the polar decomposition of A", K = QP with Q orthogonal and P 
positive definite. It is standard that K symplectic implies Q and P are both sym- 
plectic as well. Identify R 2 ™ with C™ on which Q is unitary. Write Q = exp—JB 
for B Hermitian and P = expA for A real symmetric and J A + AJ = 0, where 

is the standard matrix of symplectic structure on R 2 ™. Then 

K t = cxp(-< JB) exp(tA) 

satisfies Kq = id and K\ = K. 

In the case K is nonlinear, set K = <9k(0,0) and choose K t such that Kq = id 
and Ki = K . Then set 

2 

and note that kt satisfies kq = K, k\ = k. Rescale kt in i, so that kt = K near 1/2 
and Rescale K t so that Kq = id and K t = K near 1/2. Then n t is defined 

for < t < 1 by taking K t for < t < 1/2 and k t for 1/2 < t < 1. 

To show 4zKt = (Kt)*H gt , set V t = ^«t- Cartan's formula then gives for iv the 
symplectic form 

Cy t u = dujjVt + cZ(w_iVt), 

but Cy t oj = ^Kjtt> = since n t is symplectic for each t. Hence ojjVt = dgt for some 
smooth function g t by the Poincare lemma, in other words, Vt = (Kt)*H gt . □ 

We have the following version of Egorov's theorem. 

Proposition 3.2. Suppose U is an open neighbourhood of (0,0) and k : U — > k(U) 
is a symplectomorphism fixing (0, 0). Then there is a unitary operator F : L 2 — > L? 
such that for all A = Op™ (a), 

AF = FB microlocally on n(U) x U, 

where B = Op ^(b) for a Weyl symbol b satisfying 

b = n*a + 0{h 2 ). 

F is microlocally invertible in U and F _1 AF = B microlocally in U x U . 

Proposition ^. 21 is a standard result, however we include a proof since we will use 
it in the sequel. 
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(3.4) 



Proof. For < t < 1 let Kt be a smooth family of symplectomorphisms satisfying 
«o = id, Ki = k, and let gt satisfy = (K t )*H gt . Let Gt = Op%(gt), and solve 
the following equations 

hD t F(t) + F(t)G(t) = 0, (0 < t < 1) 
F(0) = I, 

hD t F(t) - G{t)F(t) = 0, (0 < t < 1) 
F(0) = 7. 

Then = 0(1) : L 2 -> L 2 and 

fcD t (F(i)F(t)) = -F(t)G(t)F(t) + F(t)G(t)F(t) = 0, 

so F(t)F(t) = I for < f < 1. Similarly, £(t) = FF - I satisfies 
(3.5) hD t E(t) = G(t)F(t)F(t) - F(t)F(t)G(t) = [G(t),E(t)\ 

with -E(O) = 0. But equation (|3.5p has unique solution F(i) = for the initial 
condition E(0) = 0. Hence F(t)F(t) = I microlocally. 

Now set B(t) = F(t)AF(t). We would like to show B(t) = Op%(b t ), for b t = 
K ; a + 0(h 2 ). Set B(t) = Op£(/c t *a). Then 

ft „ ,„ f d_ 
dt' 



hD t B(t) = 7 0p£ (-K* t a 



= -Ov w h ({g U K* t a}) 

i 

= G{t),B(t)\+E 1 (t), 

where Ei(t) = Op^(ei(i)) for e\(t) a smooth family of symbols. Note if we take 
5 t #(K(a) — (ftjTa)#<7 t , the composition formula (|2.2j) implies the h 2 term vanishes 
for the Weyl calculus since lu 2 is symmetric while 

g t (x,£)Kla{y,rj) - K*a(x,£,)g t (y,r]) 

is antisymmetric. Thus E\{t) £ ^/J - , since we arc working microlocally. We 
calculate 

(3.6) hD t (F(t)B(t)F{t)} = 

(3.7) = -F(t)G(t)B(t)F(t)+F(t)([G(t),B(t)\ + E 1 (t)) F(t) 

+F(t)B(t)G(t)F(t) 

(3.8) = F(t)E 1 (t)F(t) 
= 0(h 3 ). 

Integrating in t and dividing by h we get 

- - i f* 

(3.9) F(t)B(t)F(t) = A+ - F{s)E 1 {s)F{s)ds ^ A + 0{h 2 ), 

" Jo 

so that B{t) - B(t) = 0{h 2 ). 

We will construct families of pseudodifferential operators Bk(i) so that for each 

m 

(3.10) B(t) = B(t) +B 1 (t) + --- + B m {t) + 0{h m+2 ). 
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Let 



and set Ex(t) = Op £(ei (/;)). Observe 



ei(i) = («*)* / (k s 1 )*e 1 (s)ds, 



hDtBh. 



G(i),£i + -(£d(t) + £ 2 (i)) 



where £ 2 (i) € b y the We y! calculus, since [G, Si] = 0{h A ). Then as in 

(l3.6«a.8H 

ft A (F(t)Si(t)F(t) 



-F(t) [<?(*),&(<)] F{t)+F(t)hD t (&(t)) F(t) 
? (F(t)E!(t)F(t) + F(t)£ 2 (i)F(t)) . 



Integrating in i gives 
F(t)£i(t)F(t) 



F(s)^i(s)F(s)ds 



F{s)E 2 (s)F(s)ds, 



and substituting in (|3.9|) gives 



B(t)-fl(t) = -E 1 (t)-F(t)l-^F(s)E 2 (s)F(s)dsjF(t) 
= l -E l {t) + 0{h s ). 

Setting i?i(i) = —iEx(t)/h and continuing inductively gives satisfying (13.101) . 

Let Z be a linear symbol, and L = Op^(Z). Then 



ad l(£> — B) = 



B — B.L 



0(h 2 ). 



Fix N. From (|3.10p we can choose B\, ... , Sjv so that replacing B with B + B\ + 
• • • + Bat, we have for . . ,1^ linear symbols, = Op^(Zfc), 

ad Ll o • • • o ad Ljv (B - B) = 0(h N+2 ) 1 

so Bcals's Theorem implies B{t) = Op £(&(*)) for 6(i) = K*a + C(/i 2 ). □ 

The next proposition is essentially a converse to Proposition 13.21 

Proposition 3.3 ( [EvZwj . Theorem 10.7). Suppose U = 0(1) : I? -> L 2 and 
/or pseudodifferential operators A,B£ (X) such that <Jh(B) = K*o~h(A), 
AU = UB microlocally near (po,po), where k : neigh (po) — > neigh (po) is a sym- 
plectomorphism fixing po. Then U e Ih(X x X;C') microlocally near (po,Po)- 

Proof. Choose Kt a smooth family of symplectomorphisms such that kq — id , 
K\ = K, and Kt(po) = Po- Choose a(i) a smooth family of functions satisfying 
4rKt = {fit) *H a (t), and let A(t) = Qp™(a(t)). Let U(t) be a solution to 

/ hD t U{i) - U{t)A{t) = 0. 
I U(l) = U, 

for < t < 1. Next let ^4 and B satisfy the assumptions of the proposition. Since 
AU = UB, we can find V(t) satisfying 

' AU(t)V(t) = U{t)BV{t), 
V(0) = id. 



(3.11) 
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By Egorov's theorem, the right hand side of (|3.11|) is equal to 

U(t)V(t) (V(t) _1 BV(t)) = U(t)V(t)A + O(h). 

Setting t = 0, we see [Z7(0),A] = O(h). Applying the same argument to [U(i), A] 
and another choice of A, B satisfying the hypotheses of the proposition yields by 
induction, 

(3.12) ad^ 1 o...oadA Jv f/(0) = O(/i JV ) 

for any choice of A\, . . . , An G tyj(X). Since wc are only interested in what U(t) 
looks like microlocally, (|3 . 1 2[) is sufficient to apply Beals's Theorem and conclude 
that U(0) G *°'°P0- Thus U(t) and hence U(l) = U is in Jg(J¥ x X;C) for the 
twisted graph 

C = {(x, £, y, -rf) : (y, 77) = k(x, £)} . 

□ 

The following Corollary says the particular choice of deformation to identity 
does not change F(l) at the expense of modifying the initial condition. The proof 
follows directly from the proof of Proposition 13.21 and Proposition 13.31 

Corollary 3.4. Let F E I® (X x X ; C) microlocally be a unitary h-FIO associated 
to the graph of a local symplectomorphism n : U — ► n(U), where U is a neighbour- 
hood of (0, 0) and k(0, 0) = (0, 0). Let n t be a deformation to identity of k satisfying 
(|3.3p for some Hamiltonian g t . Then there exists Fq G Ih(X x X; C[), for 

F microlocally unitary, such that F(t) satisfies (|3.4[) with F(0) = F and F(l) = F 
microlocally near U . 

We will make use of the following well known proposition (see, for example 
Theorem 10.17, jEvZwj ). 

Proposition 3.5. Let P G \&^'°(X) be a semiclassical operator of real principal 
type (p = o~h(P) is real and independent of h), and assume dp ^ whenever p = 0. 
Then for any po G {p _1 (0)} ; there exists a symplectomorphism k : T* X — > T*W l 
defined from a neighbourhood of po to a neighbourhood of (0, 0) and an h-FIO T 
associated to its graph such that 

(i) =p, 

(ii) TP = hD Xl T microlocally near (po; (0, 0)), 
(Hi) T~ x exists microlocally near ((0,0); po). 

The next proposition is a refinement of Proposition 13.21 in the case of symbols 
with two parameters. 

Proposition 3.6. Suppose U is an open neighbourhood of (0,0) and k : U — > n(U) 
is a symplectomorphism fixing (0, 0) and 



Then there is a unitary operator F : L 2 — > L 2 such that for A = Op^(a), 
AF = FB microlocally on n(U) x U, 
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where B = Op?(6) for a Weyl symbol b G ( 5 i 00 ' ' satisfying 

2 

b = n*a + 0(h 1 / 2 h 3 / 2 ). 

F is microlocally invertible in U and F _1 AF = B microlocally in U x U . 

The proof of Proposition 13.61 follows from the Proof of Proposition 13.21 using 
Lemma 12.21 to estimate the commutators. 



4. Manifolds with Boundary and Propagation of Singularities 

In this section, X is a smooth, compact, n-dimensional manifold with bound- 
ary. We assume P G Diff, ' is a second order differential operator whose principal 
symbol p is a quadratic form in £ and dX is noncharacteristic with respect to p. 
We adopt a microlocal viewpoint in which dX is identified locally with a nonchar- 
acteristic hypersurface Y C M™. Our local model for X near Y is X — l n with 
Y = {.t G M™ : x\ =0}. We study the boundary value problem 



(4.1) 



(P - z)u = f in X, 
u = on Y, 



in a neighbourhood of a closed bicharacteristic for the flow of H p reflecting transver- 
sally off Y, and for energies z near 0. Our final goal is to describe propagation of 
singularities at the boundary. First we will prove factorization lemmas and energy 
estimates near Y, and then prove the main result of this section, which is that the 
microlocal propagator of P — z can be extended in a meaningful way through the 
reflections at the boundary. The Main Theorem has the following analogue in the 
case 7 reflects transversally off dX. 

Main Theorem'. Suppose P(h) G Diff 2 l (X) and dX is noncharacteristic with 
respect to the principal symbol of P{h). Assume 7 makes only transversal reflections 
with dX . Let A G Vt^' ^(X) be a pseudodifferential operator whose principal symbol 
is 1 near 7 and away from 7. There exist constants ho > and C > such that 



|| U || < C ^ l0g ^ ,k) \\P{h)u\\ + C/i^L/hj\\(I A)u\\ 

uniformly in < h < ho, where the norms are L 2 norms on X . In particular, if 
u(h) satisfies 

P{h)u{h) = 0(h°°); 
\\u(h)\\ L 2 {X ) = 1, 



- A)u\\ L2{x) > -log((l/ft)) *, 0<h<h o . 

4.1. Normally Differential Operators. In the case X is a smooth manifold with 
boundary, we define pseudodifferential operators which arc differential in the nor- 
mal direction at the boundary microlocally. For a microlocal definition, it suffices 
to assume X = {x\ > 0} and d X = {x\ = 0}. Then the algebra of pseudodiffer- 
ential operators which are normally differential at the boundary is defined by the 
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following: 

= {A(x,hD x )E^ m : 

k 

A(x,hD x ) = Y,Mx,hD x ,)(hD Xi yy 

3=0 

l 

Suppose cp € C°°(X, and xo 6 dX. Using local coordinates at the bound- 

ary, we write xo — (0, x' ) G {x\ > 0}. Then cp G C°°(X, $l x ) means there is 
a smooth extension ip to an open neighbourhood of xq G K™. For a distribution 

m G T>'(X, fix), we extend the notion of WF/,(u) to a neighbourhood of the bound- 
ary. We say (xo,£o) = (0, x' Q ,£o) is not in WF^ (it) if there is a product neighbour- 
hood (x , £ ) G U x V C M 2n and a normally differential operator A G fiy) 
such that <Th(A)(xo,t;o) ^ and 

J 4 U G/i oo c oo ((0,i]/ l ;C oo (J7,r!j)). 

Observe if it is smooth, 

{WF h u)\ ax G WF h (u| a x) U (supp (u\ dX ) x N*(dX)). 

Similarly, using our identification of the ft,-wavcfront set of a pscudodiffcrcntial 
operator as the essential support of its symbol, A G ^^° db with cr^A) ^ at 
(0, x ,£o) implies the £i direction is always contained in the /i-wavefront set of A. 

We are going to be interested in symbols which are compactly supported in T* X , 
so we will need a notion of microlocal equivalence near the boundary which allows us 
to consider operators which are both normally differential and compactly supported 
in phase space. For this we return to our local coordinates at the boundary. Let 
.xo G dX, x = (0, x' ), and let U x V be a product neighbourhood of (xo, 0) in K 2 ™ 
such that V is of the form V = [—€q, eo]^ x V^>. By using the rescaling 

Oi, £i) i-> (si/A,^i), 

the ellipticity of P outside a compact set implies p > C _1 in 

(C[-e 0) e ])x^. 

Choose ip G C°°(K) satisfying 

(4.2) = 1 for 1*1 < £ o, 

(4.3) = for 1*1 > 2e o- 

We say two semiclassically tempered operators T and T" are microlocally equivalent 
near (U x V) 2 if for all A, A' G *°'° 6 satisfying 

proj/ X) ^\(WF/i^4) is sufficiently close to U x V^>, 

and similarly for A' , 

^(P(ft))A(T - T")V(P(/i))^' = 0(/i°°) : D'(X) -► C°°(X). 

In particular, if A G ^'^j,, we say ^4 is microlocally equivalent to 

*KP(h))A 

and we will use this identification freely throughout. 
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T*Y 




Figure 3. The incoming and outgoing bicharacteristics. Observe 
the reflection of 7 is continuous in a neighbourhood of H in T*Y 
but not in T*X, while the transmission of 7 is continuous in both. 

4.2. Propagation of Singularities. This section is basically a semiclassical adap- 
tation of some of the propagation of singularities results at the boundary presented 
in |Hor[ Chap. 23]. According to [Horl App. C.5], under the noncharacteristic 
assumption we can find local symplectic coordinates near Y so that Y = {x\ = 0} 
and (possibly after a sign change) 

(4.4) p(x,Q=tl-r{x,Z'), £' = (&,...,£»)■ 

We define the hyperbolic set H C T*Y: 

H:={(x',Z'):r(0,x',e)>0}, 

on which the characteristic equation has two roots {x\ = 0, £1 = ±r(x, £') 5 }- Thus 
the Hamiltonian vector field of p, 

H p = 2iid Xl - %r9 x / + d x rd£ 

points from Y into {x\ > 0} or {xi < 0}, respectively, depending on which root of 
r we choose. We call the corresponding bicharacteristic rays outgoing and incoming 
and write 7+ and 7_ respectively (see FigurcE]). We have the following factorization 
of the operator P — z in our microlocal coordinates. 

Lemma 4.1. There is a factorization of P — z near H: 

P-z = (hD 1 -A_(x,hD'))(hD 1 -A + (x,hD')) 

with A± £ ^'^j, having principal symbol ±r^ . 

Remark 4.2. We remark r(x,£') and A±(x, hD') implicitly depend on the energy 
z, although we don't explicitly note this dependence where no ambiguity can arise. 

Proof. We follow the proof for the h independent version of the lemma found in 
jHorl Lemma 23.2.8]. Using the coordinates above, the principal symbol of P — z 
is ([O]) . Set A x ± = Op (±7-2) so that 

P - z- (hD 1 - A^ihDi -A\) = Ri(x, hD) microlocally, 

where o~hRi = 0(h) is independent of £1. 

Suppose now we have A± with principal symbols ±r 2 such that 

P-z - {hDi - A j _)(hD 1 - A j + ) = Rj{x, hD) microlocally, 

where (JhRj = 0{h?) is independent of £1. Choose a°_{x,^') = 0(h?) satisfying 

a h Rj (x, €') + 2ai_ (x,^(x,^') = 0, 
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which we can do since > near H. We will similarly add a? + {x,hD') to A\_, 
where a 3 + = 0{h 3 ) is determined by the following calculation: 

P-z-(hD 1 -A j _ -ai(x,hD'))(hD 1 - A\ -a J + (x,hD')) = 

= Rj(x,hD) - al(x 1 hD')(hD 1 - A j + ) - {hD 1 - A j _)(a? + (x,hD')) 
+a J _(x, hD')a\{x, hD') microlocally. 
On the level of principal symbol, this yields the requirement that 

= -ai(x,0(Zi+rHx,0) - & + rHx,0)ai(x,C) 
= 0, 

which gives a J ,(x, £') = — a J _(x, £'). By induction and Borel's Lemma the argument 
is complete. □ 

We have also a microlocal factorization P — z = (hD\ — A+){hD\ — where 
the principal symbols of A± are ±r5 as in the lemma. Suppose the 7± intersect 
T*Y at (x' ,£' ). On 7_ we have £1 = — r 3 , so {hD\ — A + ) is elliptic near 7_. Then 
to solve (|4.1j) . we need only solve - AJ)u = (hD 1 - A+y 1 f = f. 



Lemma 4.3. Suppose u solves the following Cauchy problem in M" : 
(4.5) 



(hDi -A-)u = /, xx > 



Then 



(4-6) sup ||u(y,-)|| i 2 (R „-i x{a;i }) < 

0<y<T o 



< II i=,(K"- 1 X {0:1=0}) + -|^ll/IU 1 ([0,T'o],L 2 (R"- 1 ))- 



Proof. Consider 



^i/ll u (^')llz,2 (R n-i x{xi=2/}) = (d y u,u) x < 

Im 

= —{hDiu,u) x > 

h 

< ~K^)II^J/V)II^ 

< ^ll/(2/.0% + ll"(2/>-)ll^ 

which by Gronwall's inequality gives the lemma. □ 
Recall the semiclassical Sobolev norms || • \\ H k are given by 



U irk 



Y, J \(hD) a u\ 2 dx 

\a I < k 1 



We observe that since P is elliptic outside a compact set and (hDi —^4+) is elliptic, 
replacing / with / and conjugating A_ above with the invertible operators (C + 
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< C|MI (R—^x^o}) + -r^||/|Ui([o 1 T ],J?»(i ! ™-i))- 



P) a / 2 for sufficiently large C > 0, we can estimate the L 2 norm of v = (C + P) s / 2 
and we get the Sobolev estimate 

sup \\u(y,-)\\( H .) (M n-i x{xi=J , }) < 

0<y<T 

ft 

We are interested in proving the existence of a microlocal solution propagator, 
hence wc assume the wavefront set of / is contained in a compact set K in a 
neighbourhood of 7_ near Y. We assume as well that K is contained in a single 
coordinate chart U on which the assumptions of Proposition 13.51 hold. Suppose 
K C {Ti < xi < T 2 } and U C {T{ < xi < T^}. 

Proposition 4.4. There are exactly two microlocal solutions u i7 i = 1,2 to (ft-Di — 
AJ)u = f microlocally near 7_ satisfying 

(4.7) Ux = microlocally for x\ < Ti, 

(4.8) U2 — microlocally for X\ >T 2 . 

Proof. First we prove the proposition in a neighbourhood of WF/,/. Let be the 
coordinate representation of K. Apply Proposition 13. 51 to write (hD\ — A_) as ftDi 
in these coordinates. We write in the x-projection of this coordinate patch, 

i f Xl ~ 
ui(x) = -r I f(y,x)dy, 



+ 00 



U2(x) = ~J f{y,x')dy, 

which satishes (hDi — A-)u — f with (|4.7H4.8[) . Back in the original coordinates 
on our manifold, set u\ = for xi < T[ and u 2 = for x\ > T^. To continue, 
we will employ the energy estimates in Lemma 14.31 Suppose u is a solution to 
(ftDi - AJ)u = f. Then for v e C c °°([0, T ) x M"- 1 ), 

° (u, (hDx - A-)v)^ dy = J ° (/, v) x ,dy + ^(u(0, •), «(0, -))x', 

since in the Weyl calculus real symbols are self adjoint. But from the proof of 
Lemma 14.31 replacing y with To — y, we have since limy_»T v(y, •) = 0, 

t-T 



C f 

sup \\v(y, -)\\ L 2 < — \ ||g|| L 2 dy, 

Cy<T tl Jo 



0<V<T o 

with g = (hDi — AJ)v. We then have 

\f,v} x ,dy + ^(u(0,-),v(0,-)) 3 



c f r T ° 



\g\\L 2 ,dy. 



For ft > we can extend to g G L 2 the complex-conjugate linear form 

9» [ "(f,v) x ,dy+-{u(0,-),v(0,-)) x , 
Jo i 

by the Hahn-Banach Theorem. Thus by the Riesz Representation Theorem, for 
/ G C°° with sufficiently small wavefront set, we can find u € C°°([0, To), L 2 /) 
satisfying (hD\ — A-)u = f. 
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For the uniqueness given by the conditions ()4.7M.8p . note that if / = and 
m(0, •) = in (|4.6p . u is zero. Replacing x\ by To — x\ we get the backwards 
uniqueness result. □ 

Since u\ is supported in the forward direction along the bicharacteristic 7_ , we 
refer to u\ and u-i as the forward and backward solutions respectively. Let u_ = u\ 
be the forward solution along the incoming bicharacteristic 7_. So far we have 
proved the solution «_ satisfies (P — z)u- = f near 7_, «_ = microlocally for 
X\ larger than the support of /, and U- restricted to the boundary is controlled by 
h^ 1 in I? if the wavefront set of / is sufficiently small. 

The same energy method techniques can be used to solve the problem 

(4.9) ( ^7^ + = °< 

I U +\ Y = U -W 

near 7+ so that u = u- — u + solves f|4.1|) . 

Corollary 4.5. If f E H%° has sufficiently small wavefront set and u solves (]4.1|) . 
then 

^^([OTo],^^ 1 )) 

for every s. In particular, u(y, •) € C°°(R™ -1 x {x\ = y}) for each fixed y G [0, To]. 

In order to describe propagation of singularities near the boundary, we first need 
the following lemma. 

Lemma 4.6. Let 7+ be an interval on the outgoing bicharacteristic with one 
endpoint at (0, x' , r(0, x' , £ ) 5 i Co)- Then there is a pseudodifferential operator 
Q(x,hD') G ^hdb which satisfies 

(i) o~h{Q) — microlocally outside a neighbourhood of 

{(i,0:(a,r(i ) O i .0 6 7+}, 

(ii) Q is noncharacteristic at (x' ,£q), and 

(Hi) [Q(x, hD'), hDi — A+(x,hD')\ =0 microlocally near^/ + . 

Proof. The principal symbol of the commutator [Q(x, hD'), hD\ — A+(x, hD')] is 

-ih{a h Q{x,C),S,i - r?(x,£')} = ih(d xi - H^)a h Q. 
First we solve the Cauchy problem 

(d x ,-H r h )Q = 0, (x,£)eT*X 
Qo = qo, xi =0 
so that Qo is constant on orbits of the Hamiltonian system 

± = -d?b(x,Z' ); 

£ = d x ,b(x,e), 

where ( ' ) := d Xl and b(x,£') := r?(x,£'). Let XxiiViV) be a solution to (|4.1ip for 
initial conditions close to (x' ,^' G ) valid for < x\ < T, say. If T > is sufficiently 
small, then Xn is invertible and Qo(x, £') — qo(x x li x \ £')) is the solution to (|4. 10|) . 
Now if we select go compactly supported and qo = 1 in a neighbourhood of (x' , £ ), 
we satisfy conditions (i)-(ii) with 

[Qo{x,hD'),hDi- A+{x,hD')\ = Ri{x,hD'), a h Ri = 0(h 2 ), 



(4.10) 



(4.11) 
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since £1 only appears as a monomial of first order in the principal symbol. Now 
suppose we have Q(x, hD') satisfying (i)-(ii) and 

[Q(x,hD'),hD! -A + (x,hD')} =R j (x,hD'), a h R 3 = 0{h J+1 ). 

We solve the inhomogeneous Cauchy problem 

f ih(d Xl -H b )Q j (x,Z , )=-a h R j (x,?), xeT*X 

X Qj = ij, x\ = o 

for Qj = Q{hP) and qj = Q(hP), which we do by setting 

Qj(xi,Xxi{y,v)) = Qj(y,v) + (ihy 1 / a h Rj(s,x s (y,v))ds. 

Jo 

Then Q = Q + Qj satisfies (i)-(ii) and 

[Q{x,hD'),hD x - A + (x,hD')} = R j+1 (x,hD'), a h R j+1 = 0(h j+2 ). 
By induction, the argument is finished, by setting qj = for j > 0. □ 

Now suppose (p e C^°(M™ _1 ), where we identify Y with IR™ -1 near (x' ). Suppose 
further that (x' ,£' ) £ T*(R™ _1 ) \ WF h f and 7+ n K>£o) ^ as before. Choose 
Q as in Lemma B~o1 so that 

[Q(x, hD'),hD 1 - A+(x, hD')} = 

microlocally and if q is the principal symbol of Q, then q(0, x' , t;' ) ^ 0, but q(0, ■, ■) 
vanishes outside a small neighbourhood of (xq,£q)- Thus Q(x, hD')ip = microlo- 
cally. Suppose u + solves (|4.9|) with ip replacing U-\y- Then Qu + satisfies 

( (hD 1 - A+(x,hD'))Q(x,hD')u+ = 0, x 1 > 
\ Q{x,hD')u + = 0, x 1= 

microlocally. Hence by the energy estimate (|4.(3[) Q(x, hD')u+ = microlocally. 
We conclude WF/jW + c charg. 

We have proved the following proposition. 

Proposition 4.7. With the notation as in the preceding paragraphs, WF^m+ C 
Xx 1 (yVFj l (p) andWFhU- C x-iifWFfti^). Further, as the xi direction is reversible, 
if at some < X\ < To, (y',r)') <E WFh,u+(xi, ■), then X-xi {y', v') € WFj,^ and 
(»W) e WF^_(y, •) /or < j/ < T . 

In the special case F = dX we have the following lemma to connect the notions 
of /i-wavefront set near 7+ and 7 _ . 

Lemma 4.8. Let (x ,^' ) € H n 7 6e i/ie reflection point at the boundary, let Xxi 
be a solution to (|4.1ip as above, and let tp t = exp(tH p ). Then there is an odd 
diffeomorphism t — t(x\) and a function £1 = £i(xi) such that {x\,£\;Xxt) ^ es on 
7 + and {xi,£i;x-xi) lies on 7- f or X\ > sufficiently small. That is, Xxi(%b->£b) 
coincides with the (x',^') components of 

M0,x o ,rH0,x^,Q,e o ), 
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Proof. Write b(x, £') = r?(x,£') as in the proof of Lemma 14.61 and note X-xi is 
the solution to (|4. 1 1[) with b replaced with —b. ip t satisfies the following differential 
equation on 7 + : 

d t xi = 2b 
d tX ' = -266 e 
dtti = 2bb Xl 
dtC = 2bb x ,; 
xi(0) = 
x'{0) = x' 
6(0) =6(0, 4. Co) 
e'(0) = Co- 



Set (y'(xi),r/(x 1 )) = Xzi04,£o), 



(4.12) 

and calculate 



t(a?i) := 



9xi ' 



(2b(y,y'(y),r ] '(y)))- 1 dy, 



d_ , dt 
dt dx\ 
= -b^{xx,x',i') 
d , 

= ■ 

OX\ 



As x' and y' have the same initial conditions, we conclude they are equal for suffi- 
ciently small X\. For negative t, we define t = t(x\) in the incoming bicharactcristic 
to be the negative of that on the outgoing bicharacteristic, and a similar proof ap- 
plies to x-zi- n 



Remark 4.9. With the addition of Lemma T4. 81 we could write Proposition 14.71 in 
an equivalent form using exp(tH p ) in place of Xx x - The important thing is that the 
wavefront set does not depend on £i . 



26 



HANS CHRISTIANSON 



4.3. Microlocal Propagator at the Boundary. We now return to the special 
case where Y = dX. In the next section we will construct the Quantum Monodromy 
operator using the microlocal propagator. Suppose first X is a manifold without 
boundary. We define the forward and backward microlocal propagators of P — z, 
I±(t) — exp(^pit(P — z)/h), by the following evolution equation: 

hD t Il(t) ± (P ~ z)I z ± (t) = 

/|(0) = id £2^2. 

In the case of a manifold without boundary, this is a well-defined semigroup satis- 
fying [I|(*),P-z] =0and 

WF fc 4(t)u C exp(±tH p )(WF h u). 

We will show for P G Diff^' with homogeneous principal symbol on a manifold 
with boundary, the microlocal propagator can be extended in a meaningful fashion 
as a discontinuous /i-FIO which still carries the commutator and wavefront set 
properties above. 

Suppose 7 reflects off dX at the points 

m± := (0,x' ,±rH0,x' o ,Q,Q, 

with the incoming and outgoing rays, 7=p, intersecting dX at m T respectively. 
Since p is assumed smooth up to the boundary, we may extend p and 7_ to a 
neighbourhood of m_ in {x\ < 0}. We will show that functions v(x') defined on 
dX can be identified with the microlocal kernel of P — z in a neighbourhood of ra_ . 
We factorize P — z as in Lemma |4~TI P — z = (hD\ — A + ){hD\ — A_) microlocally 
near m_. Near j_ the operator (hDi — A + ) is elliptic. Thus we want to be able 
to solve 

(hD l -A_)u= 0, xi > 0, 
u(0,x') = v(x'), xt = 

for any boundary condition v, microlocally near m_. The proof of the following 
standard Proposition can be found in [EvZwl Theorem 10.9]. 

Proposition 4.10. There is a microlocal solution to (|4.13[) given by the oscillatory 
integral 

(4.14) u(x) = 1 J e i 'W*>&-<v'>?»Kx,?)v( 1 /)dS'd V ', 

where b(0,x',£') = 1 microlocally near (x ,^ ) and tp solves the eikonal equation 

d Xl ip(x,C) - a(x,d x ><p(x,£')) = 0, x x > 0, 
<p(0,xr,?) = x 1= 0, 

with a = o-h(A-). Further, u{x) is unique microlocally. 

Proposition 4.11. Let X be a manifold with boundary, P G Diffj^ ^ be a differ- 
ential operator with homogeneous principal symbol p, and assume dX is nonchar- 
acteristic with respect to p. Let U± C T*X be a neighbourhood of m± G T*X, and 
assume P — z and p — z are factorized near the boundary as in Lemma \4-l\ and 
equation (|4.4|) respectively. 

(i) For each mo G 7- D U- sufficiently close to to_, and z G [— eo? £o] f or e o > 
sufficiently small there exist h-FIOs, I±(t), defined microlocally near 

exp(±tHp)(mo) x mo 



(4.13) 



(4.15) 
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(4.16) 



(4.17) 



satisfying 

' hD t Il(t) ± (P - z){t)I±{t) = 

/J(0)= id L2 _ L 2, 

for t^t\, where m_ = exp(tiH p )(mQ) . 

(ii) We have [{P — z)(t), I±(t)] = for all t ^ t\ sufficiently small, and if 
u(x) £ L 2 is a microlocal solution to 

(P - z)u = f E L 2 , xeX, 
u = 0, x £ dX 

near mo, then I±(t)u(x) is a microlocal solution to (|4.17l) near exp(±iPp)(mo). 
(Hi) IfWFhU C K , where K is a compact neighbourhood of a point mo, 

WF h 4(t)u c exp(±tH p )(K). 

Proof. Fix mo- According to Proposition 13. 51 P — z may be conjugated to hD Xl in 
a neighbourhood of mo- Then we use the proof of Proposition ^. 41 to find a solution 
it-.i to (P — z)u = / near mo- Use the microlocal forward propagator defined for a 
neighbourhood of 7_ extended to a neighbourhood of m_ to define along 7_. 
That is, P (i)u_ ; i satisfies 

(p-*)4(t)u-,i = / 

microlocally near exp(tH p )(mo), < t < t\. Let u_(ie') = I(ti)U- : i\gx, and use 
Proposition 14. 101 to find a function U-,2 satisfying 

{P-z)u^- 2 =0 

u-fi\dx = v-(x') 
microlocally near m_. Let 

U- = - Z+(-ii)u_ )2 , 

so that Il(t)u- satisfies (|4. 1 T[) microlocally near exp(tH p )(mo), < t < ti. 

Fix rrt2 = exp^PpX'^o) G 7+ sufficiently close to m + that we can similarly 
construct Pi (£2 — t) u + satisfying (|4. 1T[) microlocally near e~xp(—tH p )(m2) for < 
t < ti — t\. We extend I+{t) to be discontinuous at ti, so that if u solves ()4.17j) 
microlocally near mo, 

P\(t\)u = u- + u + 

with 

WF h u± C U± n {xi > 0}. 

We need to verify this extension of Zf (t) satisfies (i), (ii), and (iii). For < t < t\ 
this is clear because is the usual semigroup. At t\, we have 

{P-z)Il(h)u = (P - (*!)«_ + 4(t 2 - ti)u+) 

= /- + /+, 

with /-t = / microlocally near m±. Thus (ii) and (iii) are clear. 

For (i), let A = Op^(a) be a symbol defined microlocally in a neighbourhood of 
exp(tH p )(m ). Assume m± £ WF^A, and let B = Op ™(exp(tH p )*a). Then 

AI z + {t)u = I z + {t)Bu 

microlocally, and by Proposition 13. 3| I z {t) satisfies 14.161 

The proof for P (t) is similar. □ 
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Corollary 4.12. Let X, P, and p be as in Proposition \4-ll\ Suppose j(t) is a 
periodic orbit for exp(tH p ) of period T which has a finite number of transversal 
reflections off dX. Then for any m G j{t), mCidX = 0, there exist h-FIOs, I±(t), 
defined microlocally near exp(tH p )(m) x m for < \t\ < T satisfying 

ft) 

f hD t P ± {t)±{P-z)I z ± {t) = Q 

for almost every t. 

(ii) [P — z, I±(t)] = 0, and if u(x) G L 2 satisfies (P — z)u = f G L 2 microlocally 
near m, then I±(t)u(x) satisfies 

(P - z)IUt)u(x) = f(x) 

microlocally near cxp(±tH p )(rn). 

(Hi) If WF/jtt C K , where K is a compact neighbourhood of a point m, 

WF,Jl(t)u c exp(±tH p )(K). 

Proof. This follows immediately from Proposition 14. 1 ll and uniqueness of solutions 
to ordinary differential equations. □ 

5. Quantum Monodromy Construction 

In this section, we construct the Quantum Monodromy operator 

M{z) : L 2 (R n ~ 1 ) -> L 2 (R" _1 ) 

and prove some basic properties. Here we follow |SjZwl| and the somewhat sim- 
plified presentation in |SjZw2| . It is classical (see, for example, [AbMaj ) that the 
assumtions on p imply there exists eo > such that for — 2eo < E < 2cq there is a 
closed semi-hyperbolic orbit in the level set {p = E}. Let z G [— eo,eo] C K. Then 
p — z is the principal symbol of P — z, and p — z admits a closed semi- hyperbolic 
orbit in the level set {p — z = 0}, say, 7(2) of period T(z). 
We work microlocally in a neighbourhood of 

r := |J 1 (z) C T*X. 

-eo<z<e 

Fix mo{z) G 7(2), rno(z) n dX — 0, depending smoothly on 2, and set mi(z) = 
exp(^T(z)H p )(mo(z)). By perturbing mo(z) and shrinking eo > if necessary, we 
may assume mi(z) DdX = as well. Assume we are working with a fixed z. Define 

kcr mo(z) (P - z) = {u G L 2 (ncigh (mo(z))) : (P — z)u = 

microlocally near 7710(2)}, 

where "neigh (m (z))" refers to a small arbitrary fixed neighbourhood of mo(z) 
which is allowed to change from line to line. Similarly we have 

ker mi(2) (P - z) = {u G L 2 (neigh (rai(z))) : (P — z)u = 

microlocally near 77ii(z)}. 

We define the forward and backward microlocal propagators I± as in Corollary 
I4TT21 Then 

I+(t) ■ ker mo(z) (P -z)-> kcr oxp(tifp)(mo(z)) (P - z), 
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and since 

e-xp(T(z)H p )(m (z)) = m (z) 
we define the Absolute Quantum Monodromy operator 

M{z) : ker mo(z) (P - z) -> ker mo(z) (P - z) 

by 

(5.1) M(z) := I + (T(z)). 

It is convenient to introduce an inner product structure on ker mo ( z )(P — z) (see 
[HeSj| ) . For this, let x G C°°(T*X) be a microlocal cutoff supported near 7(2:) 
satisfying the following properties (see Figure [6]) : 

(5.2) x = 1 on cxp(tff p )(mo(z)) for < t < -T(0) 

(5.3) x = on exp(tH p )(m (z)) for -T(0) + J < i < T(0) -5, <5 > 0. 

Let [P, x]+ denote the part of the commutator supported near mo(z) where we use 
X to denote both the function and the quantization whenever unambiguous, and 
for u,v G ker mo ( z )(P — z), define the Quantum Flux product as 

(u,v) QF := i-[P,x]+u,v) 

\ / L 2 (neigh (mo (z))) 

According to Proposition ^. 5( there is a neighbourhood of mo(z) and an /i-Fouricr 
integral operator F defined microlocally near mo(0) such that P(P— z)F~ 1 = hD Xl 
on L 2 (V), where V C l n is an open neighbourhood of G E". Then ker mo ( z )(P— z) 
can be identified with L 2 (V), where V C is an open neighbourhood of S 

R"- 1 . Let 

K(z) :L 2 (V)^kcr mo{z) (P-z) 

be the identification, and define the adjoint K(z)* with respect to the L 1 inner 
product on ker mo ( z )(P — z). Note 

K(z)* :ker mo{z) (P - z) ^ L 2 (V) 

is an identification as well. The following two lemmas are from |SjZwl| . 

Lemma 5.1. The operator 

U := K{z)* l -[P, X ]+K{z) : L 2 (V) - L 2 (U) 
?s positive definite. Setting K(z) = K(z)l/i , we have 

k{zy l -[P, X ]+K(z) = id : L 2 (V) - L 2 (U). 
Proof. Using Proposition 13.51 we write 

tf(z)*i[p,x] + *:(^,<A = (5 xl x^(^)^^(^)«> i 3 (neigh(mo( , ))) 

" / L 2 (V) 

> C- l \\v\\\ 

□ 
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Remark 5.2. In light of Lemma 15. 1[ we replace K(z) with K(z) and write 

Lemma 5.3. The Quantum Flux product (•, -)q F does not depend on the choice of 
X satisfying i5.0&5.3\) . In addition, A4(z) is unitary on ker mQ ^ z \(P — z) with respect 
to this product. 

Proof. Suppose u, v G L 2 (V) and suppose \ is another function satisfying (|5.2H5.3[) 
which agrees with \ near mi(z). Then [P, X — x]+ — [Pi X ~ xL (P ~ z)K{z)u = 0, 
and K(z)*(P -z) = ((P - z)K(z))* imply 



-[P,X-x] + K(z)u,K(z)vJ = ^-(x- X )K(z)u,(P-z)K(z)v)=Q. 
To see M.(z) is unitary, observe for u G ker mo ( 2 )(P — z), 



[P, X ] + I z + (T(z))u,P + (T(z))u 



i 



\PJ z _{T{z))xI z + {T{z))] u,u 



T [P,X\ + U,U 

where x = cxp(TH p )*x satisfies (|5.2I15.3|) . □ 

Next we restrict our attention to L 2 (V) by defining the Quantum Monodromy 
operator M(z) : L 2 {V) L 2 (V) by 

M(z) = K( Z y 1 M(z)K(z). 

Lemma 5.4. -Ajf(z) : L 2 (V) — » L 2 (V) is unitary, and M(z) is the quantization of 
the Poincare map S . 

Proof. Let u G £ 2 (V). We calculate: 

(M(«)«,M(z)u) ia(v) - 

= (K(z)- 1 M(z)K(z)u, K(z)~ 1 M{z)K(z)u) L2(v) 

= ((K (z)*)' 1 K (z)^ 1 M(z)K (z)u, M(z)K (z)u) L2( ^ ncish ^ mQ ^ z ^ 

l - [P, x]+M(z)K(z)u, M {z)K{z)u 



> h I L* (neigh (m (z))) 

= (K(z)u, K(z)u) L2[ncigh {mo[z))) 

= (u, U) L 2(y) • 

In order to prove M(z) is the quantization of the Poincare map, we will use Propo- 
sition We need to prove for pseudodifferential operators A,BG ip,' (V) such 
that ah{B) = S*a} l {A) 1 we have AM(z) = M(z)B. Without loss of generality, we 
write x' = {x2, . . . ,x n ) G V for the variables in V and x = (x\,x') G neigh (7(2)) 
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for the variables in X near 7. Then for v € L 2 (V) R C°°(F) 

M{z)B(x',hD x ,)v(x') = 

= K( Z y 1 M(z)K(z)B(x',hD x ,)v(x') 

= K{z)-Hl(T{z))B(x',hD x ,)P_(T{z))Il{T{z))K{z)v{x^ 

= ffCO^Op ((exp(Tif p ))* <r fc (B)) (x, (T(*))A-(js)«(a;') 

= A(x',hD x ,)M(z)v(x'). 

□ 



6. The Grushin Problem 



6.1. Motivation of the Grushin Problem. In this section we follow |SjZwl| 
and show how the Quantum Monodromy operator arises naturally in the context 
of a Grushin Problem near 7. This is a generalization of the linear algebra Grushin 
problem: Suppose 



and 



are matrices acting on finite dimensional Hubert spaces H, and -£/+, and 



where 



A 


H - 


+ H, 


B 


H- 


-> H, 


C 


H - 




D 


F_ 





( a (3 s 




a b y 1 


U 6 ; 


> = ( 


CD) 


a 


: H - 




(3 


■■ H + 




a 


: H - 


-* H-, and 


S 


■ H+ 





Then A is invertible if and only if 5 is invertible, in which case 

A- 1 =a- /JfTV. 

It appears counterintuitive at first that understanding the invertibility of a larger 
matrix might be easier than understanding the invertibility of a submatrix. How- 
ever, when the entries are operators instead of matrices, the situation may change. 
In the next section we will see that introducing a matrix of operators will allow us 
to understand microlocal invertibility of P — z near a periodic orbit by constructing 
a paramctrix in the double cover of a neighbourhood of the orbit. 

6.2. The Grushin Problem Reduction. Throughout this section, we suppress 
the dependence on z whenever unambiguous for ease in exposition. We will build 
operators R+ = R+{z) : V(X) -> V'(V) and R_ = R_{z) : V'{V) -> V{X) such 
that 



V 



tip-*) 

R+ 



R- 




V'{X) x V'{V) -> V'(X) x V'{V) 
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has microlocal inverse 

(6.1) £ = 



E E+ 

E_ E-+ 



near 7 x (0, 0), where E, E + , and E- will be defined later, and 

E-+ = I-M(z). 

The following construction of the solution to the Grushin problem is from |SjZwl| , 
with the addition here that we allow 7(2) to reflect transversally off the boundary 
of dX. Recall x £ C™{T*X) satisfies (|5.2H5.3j) . and begin by setting 

R + =K* % -[P, X ] + . 

Then if u satisfies (P — z)u = microlocally near mo(z), R+u is the microlocal 
Cauchy data. That is, for v G L 2 (V), u = Kv is a solution to the microlocal Cauchy 
problem 



(6.2) 



(P - z)u = 0, 
R+u = v 



near 7 x (0,0). To construct a global solution, let Kf(t) := I+(t)K and Kb(t) := 
I-(t)K be the forward and backward (respectively) Cauchy problem solution op- 
erators. Note for t ~ T/2 we have 

K f {t) = I+(t)K 

= I^(t)KK- 1 M(z)K 

(6.3) = K b (t)M(z), 

so microlocally near mi x (0, 0) we have Kf = KbM(z). Now for fl a neighbourhood 
of 7, we can solve (|6.2|) in f2 \ neigh (mi). To do this, set 

(6.4) E+v = X Kf V + (1 - x)K b v, 

so E + v satisfies 

i) E+v = Kv in a neighbourhood of rao(z) 
ii) R+E+ = id microlocally near (0,0) x (0,0) G (T*V) 2 . 

With [•,•]- denoting the part of the commutator supported near mi(z), we calcu- 
late: 

(P - z)E+v = [P, x]-K f v - [P, X ]-K b v, 

since Kf = K b microlocally near mo(z) x (0, 0) and (P—z)I±(t)Kv = microlocally 
near exp(tHp)(mo(z)) x (0,0). According to (|6.3p . we can then write 

(P - z)E+v = [P, X ]-K b (M(z) - id)v. 

For v G L 2 (V), we set 

u = E + v, 
U- = E |_u, and 
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mi(z) 




m (z) 




Figure 5. Microlocal solution to (|6.5|) and construction of global 
solution to (|6.6|) . 



We have solved the following problem microlocally in (fi \ neigh (mi (z))) 2 (see 
Figure EJ: 



(6.5) 



i(P - z)u + R-U- = 
R + u = v 



Thus if V^ 1 exists, it is necessarily given by (|6.ip . where £7 and E- have yet to 
be defined. 
For e > let 



(0 x £ 0) ± := 



(exp ±tH p )m, m ] P| f2 x f2 : 
men / 



-e < < < T - 2e 



We will define Lf and the forward and backward fundamental solutions (respec- 
tively) of i(P — z)/h, which will be defined microlocally on (f2 x e fi) , respectively. 
By Proposition ^. 51 we can conjugate i(P — z)/h to 9 Kl microlocally near the point 
mp(z) 2 G (T*X) 2 . Then the local fundamental solutions L° and L° are given by 



L° f v{x) 
L° b v(x) 



v(y,x')dy, and 
v(y,x')dy, 



while Lf and are now given microlocally near exTp(±t,H p )mo(z) x 7710(2)1 respec- 
tively, by 

Lf = I+(t)L° f and 

L b = r_{t)L° b . 
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X/ exp tH p 

Figure 6. The cutoffs Xb, X, and Xf- 



It is convenient to introduce two new microlocal cutoffs Xf an d Xb satisfying (|5.2I 
15. 3[) and in addition, 

X = 1 on supp x/ H W+, 
Xb = 1 on suppx n W+, 

where W+ is a neighbourhood of mo(z) containing the support of [P, x]+ ( see Figure 
i]). For v e L 2 (ft), set 

u = L f (I - x)v, 

and observe (P — z)u = past the support of (I — x) in the direction of the -ff p flow. 
In particular, (P — z)u = on suppx/- Then past supp (/ — x) i n the direction of 
the H. p flow, 



KK*-[P, Xf ] + 



= KK*-[P,x f ] + L f (I-x)v. 

Let I+(t) be the extension of I+(t) to T < t < 2T - e, and let K f = I+K. Let ft 
denote the double covering space of ft. Then in ft, 



u = -[P,x/] + L/(J-xK 
We define u = L^xv and Kb = I_K similar to Kf so that 



u = K b K*-[P,Xb\ + L bX v. 

We think of u and w as being double- valued on ft and write LffV and L^v to denote 
the second branches respectively in a neighbourhood of m\(z). Let W- denote a 
neighbourhood of mi(z), and define (see Figure [5]) 



u = E v 



J Lbxv + Lf(I — x)v outside 

LbXv + x)L b bXV + L f (I- x)v + xLff(I - x)v in W_ 
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Now we apply i(P — z)/h to E$v in W-\ 

l -{P-z)E v = v -^[P,x]_L bbX V + ^[P,xLL ff (I-x)v 
= v- l -[P,x]_K h K*^[P, X ] + L hX v 

+ 1 [P, X]- K f K* 1 - [P, X }+ L f (I - X )v 



= v-~ [P, x] _ Kb yK* - [P, x ] + L bX v 

-M{z)K* l -[P,x] + L f {I -x)v), 

where we have used Kf = K b M(z) in W- and dropped the tilde and hat notation 
when thinking of second branches. We have solved the following problem: 

(6.6) Up-z)E v + R-E -V = v, 

h 

with 



R- = l T[Px]^K b 

h 



as above, and 



E ,-v := K* 1 - [P x} + U X v - M{z)K* % - [P, X }+ (I - X>- 
Recalling the structure of 8 and V, we calculate 

ve= f U P ~ Z ) E + R - E - U p - Z ) E + + R - E -+ ' 



R+E R+E+ 
so that if 8 is to be a microlocal right inverse of V near 7 x (0, 0), we require 

(6.7) -(P-z)P + P_P_ = id : L 2 (Q) -> L 2 (fl), 
h 

(6.8) !(P-2)P + + P_P_+ = : L 2 (V) -» L 2 (n), 
h 

(6.9) R+E = : L 2 (tt) -> L 2 (V) and, 

(6.10) P+P+ = id : L 2 (V) -> L 2 (V) 

microlocally. Note (|6.8p and (|6.10[) arc satisfied according to (|6.5[) . Owing to (I6.1UD . 
if we write E — (I — E+R+)E for some E, then 

R+E = R+(I - E+R+)E = (I - R+E+)R+E = 0, 

and comparing with (|6.7[) we see E = Eq, 

E = E + E+R+E , 

and 

P- = Eq,- - E-+R+E . 
Thus 8 is a right inverse. To see it is also a left inverse, observe 

R*+ = l -[P lX ] + K, and 

R- = Kt l -[P,x]_, 
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together with 

K^[P, X ]_K b = -id 

implies 

Kt l -[P,{I-x))_K b = id. 

In other words, after exchanging \ with 1 — x, with W-, and if with Kb, R* + 
has the same form as R- and i?l has the same form as Thus 

i(P-z) R* + \ 
R*_ J 

has the same form as V and hence has a microlocal right inverse, say 

Then V*T* = id implies .FP = id , so 

T = TVS = £ 

implies T = £. 

As every operator used in the preceding construction depends holomorphically 
on z £ [— eo, eo] + i(—Coh, CqK), we have proved the following Proposition, which is 
from Sj Zwlj : 

Proposition 6.1. Wii/i P and £ as above and z £ [— eo,£o] + i(—coh,coh), £ is a 
microlocal inverse for 

V : L 2 (n) x L 2 (V) -> L 2 (ft) x L 2 (V") 

near"/ C T*X, and m addition, 

\\£\\L 2 (n)xL 2 (V)->L 2 (n)xL 2 (V) - C- 

6.3. Comparing P — z to M(z). As a consequence of Proposition 16.11 and mo- 
tivated by the linear algebra Grushin problem, the following two theorems show 
quantitatively that P — z is invcrtible if and only if I — M(z) is invertiblc. 

Theorem 3. Let M{z) : L 2 (V) — > L 2 (V) be the Quantum Monodromy operator, 
(P — z) and R+ as above. Suppose A £ 4',' (T*X) is a microlocal cutoff with 
wavefront set sufficiently close to 7 C T*X and B £ (T*V) is a microlocal 
cutoff with wavefront set sufficiently close to (0, 0) £ T*V . Then there exists eo > 0, 
Co > 0, and ho > such that, with z £ [— eo, eo] + i(~Coh, CqH) and < h < ho, 

\\(P - z)u\\ L2(x) > 

(6.11) > C- X h (\\B(I - M{z))R + u\\ LHV) -\\(I- A)u\\ L2(x) ) 

-0(h°°)\\u\\ LHx) . 

Further, 

\\Au\\ L 2 {X ) < 

(6.12) < C (\\R + u\\ LHV) + h- 1 \\(P - z)u\\ LHX) + - A)u\\ L2{x) ) 

+0(h°°)\\u\\ La(x) . 
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Proof. That £ is a microlocal left inverse for V means in particular that for A and 
B as in the statement of the theorem, 

(6.13) % -E_(P -z) + E_+R+ = l++ 0(h°°) LHx) ^ L 2 {v) , 
where 

Bl + A = 0(/i 0O )L2( X) ^ i 2( V ). 

Since (|6.1ip is only concerned with injectivity, we note that by replacing E- and 

E- + with E- = BE- and E y. = BE |_ respectively in (|6.13|) doesn't change the 

fact that £ is a microlocal left inverse. Thus 

(6.14) ^E-(P -z) + E-+R+ = 1+ + 0(/ l °°) L 2 (x) _ L2(v - ) , 
with 

l+A := Bl+A = 0(h°°) LHx) ^ L 2 {v) , 

and for u G L 2 (X), 

E-(P - z)u + -E-+R+U = -1+{I - A)u + 0(h°°)\\u\\ L 2 (x) , 
ii 

hence (J6.11I) . 

For (|6.12p . we note £V = id microlocally gives also 

(6.15) % -E{P -z) + E+R+ = id L 2 {x)) ^ LHx) + I, 
where 

AlA = 0(h°°) LHx) ^ L * {x) . 

Similar to ()6.14|) . we replace E and E + with E = AE and E + = AE + without 
changing that £ is a microlocal left inverse of V, and from (|6.15p . we get for u G 

L 2 (X) 

yE(P - z)u + E+R+u = Au + lu + 0(h°°)\\u\\ L 2 (x) , 
h v ' 

Using lAu := AlAu = 0(h°°)u, we get 

C (\\(P - z)u\\ L 2 {x) + h\\R + u\\ L 2 {v) ) > h\\Au\\ L 2 (x) - h\\(I - A)u\\ L 2 {x) , 

which is f6T2|) . □ 

Using that £ is a microlocal right inverse for V we obtain the following theorem, 
which completes the correspondence between / — M{z) and P — z. 

Theorem 4. Suppose A G ty°'°(X), B G *°'°(U) satisfy 

A = 1 microlocally near 7, 
A = microlocally away from 7, 
B = 1 microlocally near (0,0), 
B = microlocally away from (0,0). 
Suppose u G L 2 {X) satisfies 

Au = u + 0(h 00 )\\u\\ L 2 {x) , 
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and v £ L 2 (V) satisfies 

Bv = v + 0(h°°)\\v\\ L2{v) . 

Then we have 

(6.16) A^(P - z)Eu + AR_E„u = u + 0(h°°)\\u\\ L ^x), and 

(6.17) A~{P-z)E+v + AR-{I-M{z))v = 0(h°°)\\v\\ L 2 {v) . 

h 

Remark 6.2. The utility of (|6.17[) is that in Milt where 7 will be assumed el- 
liptic instead of semi- hyperbolic, we construct v £ L 2 (V) concentrated near (0,0) 
satisfying 

(I - M{z))v = 0(h N ), VN 

then u := E + v satishcs 

(P-z)u = 0(h N+1 )\\u\\ L 2 (x) 

microlocally near 7. This provides essentially a converse to our Main Theorem. 

Proof of Theorem^ From Proposition 16. 11 if we multiply V by £ on the right, we 
get 

(6.18) ±(P-z)E + R-E- = id LHX) ^ L 2 [x) +r, 

(6.19) Up-z)E + + R-{I-M{z)) = r_, 

R+E = r+, 

R+E+ = l& L 2 (V)->L 2 (V) + r -+i 



where 

ArA = 0(h°°) La( x)^L>(X), 

Ar-B = 0(h°°) L 2 (v) ^ L 2 {x) , 

Br+A = 0(h°°) L 2 {x) ^ (v) , and 

Br-+B = 0(h°°) L 2 iv) ^ L 2 iv) . 

Hence (|6.18H6.19[) imply for any u £ L 2 (X), v £ L 2 (V), 

A l -(P - z)Eu + AR-E-u = Au + Ar(I - A)u + 0{h°°)\\u\\ L 2 {x) 

and 

aUp - z)E+v + AR-(I - M{z))v = Ar-(I - B)v + 0(h°°)\\v\\ L 2 iv) , 
h ' 

which is (|6. 16116. 17]) . □ 

7. The Model Case 

In this section wc indicate how Theorem [3] can be used to estimate P — z in the 
model case. Let dimX = 2, and assume t parametrizes 7 = 7(0), and r is the dual 
variable to t. Then our model for p near 7 is the symbol 

p = t + \x£, 



QUANTUM MONODROMY 



39 



Kt = exp t 



with A > 0. We have 

H p = d t + \(xd x -td s ), 

and the Poincare map S : M 2 — > R 2 is given by 

/ 

We want a deformation of the identity into S, that is a smooth family of sym- 
plectomorphisms n t such that ko = id and Ki = S. This is clear in the model 
case: 

' A 
-A 

According to Lemma 13. 1[ we can find a time-dependent effective Hamiltonian qt = 
qt(x, £) such that 

d 

dt' 

In the model case, this is again clear: q t = Xx^ independent of t. 

We know in general if M(z) is the Quantum Monodromy operator it is an h-FlO 
associated to the graph of S, which means our model is M(z) = M z (\) for M z {t) 
a family of /i-FIOs satisfying 

hD t M z {t) +Q(t)M z (t) = 0, 
M z (0) = id 

where Q(i) — Op (qt) for the effective Hamiltonian q t as above. In the model case, 
q does not depend on t or z, so with Q = Op (q), M z (t) is just the semigroup 

M(t) = exp (-jfQ 

The basic idea is M(t) is unitary, but e~ G M(t)e G is not for G with real 
principal symbol (if it exists). Further, in the model case, if G is independent of t, 

-G w a/TI+\„G w i 



-Kt = (K t )*H qt . 



M(i)e° = exp (-j^te Qe 

and it will suffice to show e~ G Qe G has an imaginary part of fixed size comparable 
to h. 

We conjugate M(t) to M\(t) = T h ^M(t)T~l where T h ~ h is the operator on 
L 2 (K) as in (|2.3[) . and observe M\(t) satisfies the evolution equation 
(7.1) hD t Mx(t) - -T h:h QM(t)T-l 

( 7 - 2 ) = - T H,HQT^ h T hJl M(t)T-l h 

(7.3) = -QiMi(t), 

where 

2i = T hJl QT~i e *-_f°>° 

microlocally. We write qi(X,E) = c^(Qi), where 

qi(X,E) = \(h/h^)XZ + 0(h 2 + h 2 ), 

as in Lemma 12. II 
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Now we define the escape function 

G(*, S ) = ilog(i±|! 
and according to Lemma |2.3[ we can form the family of operators 

where G w is the Weyl quantization of G in the h calculus and \s\ is sufficiently 
small. Let 



whence 



for 



M(t) - e- sG,u M 1 (t)e sG,u , 
hD t M(t) = -QM(t) 



Q = e" sG ™ Qie sGU 



by a similar argument to (|7.1ti7.3|) . We write 

Q = exp(— ssAg™)Qi, 



ith 



and 



ad^Qi = L 2^ L 2 (hh 



k-i 



We have 



[Qi,G™] = -ihOpf (H qi G) + 0{h 3 / 2 h^ 2 ) 
H qi G = \(h/h 



—2 



X 2 

i + x 2 + ITS 5 



A( h/h)A 



so that 



Q = Qi- ishOpf {A) + sEf + s 2 E™, 

with^i = 0{h 3 l 2 h 3 ' 2 ) and£ 2 = 0(hh). Since A is roughly the harmonic oscillator 
(see Lemma . 

h 



(Opf ( A )U,U)>-\\U\\ 
independently of h, so that 

(7.4) 

Thus with h > small but fixed, 



C" 



M(l) = exp --(ReQ + ilmQ) 



and by {23 
(7.5) 



M(l) 



< r < 1. 
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For u £ L 2 (R) and U = T hJi u, we have by $LM and COl 
Re l(I-M(l))U,u\ > C^WUf 
for some < C < oo. Define the operator K w by 
(7.6) 

We have shown that 



sK" 



t~ 1 p sGU 't - 
1 h,h h > h ' 



Re (e- sKW {I - M)e sKW u,uj > C~ 1 ||ii|| 2 . 
Since || exp(±sK w )\\ L 2_, L 2 = 0(h~ N ) for some N, we have 



Re {(I-M)u,u) > Ch N \\u\ 



8. The Linearization 

8.1. Symplectic Linear Algebra and Matrix Logarithms. In this section, we 
will show how to reduce the case of a general Poincare map with a fixed point to 
studying the quadratic Birkhoff normal forms. We assume as in the introduction 
that the eigenvalues of modulus one obey the nonresonance assumption Q1.2p . 

We begin by tackling the problem of negative real eigenvalues and eigenvalues of 
modulus 1 of the linearized Poincare map. Let 5 : W\ — ► W2, W\, W% C R 2 ™ -2 , be 
a local symplectic map, 5(0, 0) = (0, 0), which we have identified with its coordinate 
representation. As in the proof of Lemma l3.1[ we consider the polar decomposition 
of dS (0,0): 

dS{0, 0) = cxp(- JF) cxp(S), 

with F and B real valued and exp(_B) positive definite and symplectic. Specifically, 
exp(— JF) describes the action due to the eigenvalues of modulus 1 as well as the 
rotation inherent in the negative real eigenvalues. We consider first A = exp(B). 
We denote by {^} the eigenvalues of A and by {p,j} the eigenvalues of dS (0,0). 
Let /j, be an eigenvalue of A. Then A symplectic implies if fj, > 1 is real /i -1 is also 
an eigenvalue, and if /j, is complex, \/j,\ > 1, ~p, and /I -1 are also eigenvalues. If 
fi, = 1 is an eigenvalue of dS(0, 0), then fl = /j, -1 is also an eigenvalue dS(0, 0), 
but we will see neither of these contributes to A. If is the generalized complex 
cigcnspacc of /z, then we can put A into complex Jordan form over E^. To keep 
the change of variables symplectic, we observe that E„-i is the dual cigenspace to 
En, so if 



A, ■= AU 



( V 






\ 



1 
/' 



ix 



1 

f 1 J 



then symplectically completing this basis in En E„-i gives 



(A 
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As = [il + with nilpotent, by expanding (A^) as a power series, we 
see 



A, 



A\ 



with N„-i nilpotent. We choose a branch of logarithm so that 



satisfies 
(8.1) 



AOi- 1 ) 

(8.2) A(/Z) 
and observe for N nilpotent, 



A(/x) = log(/x) 

— A(yu), and 



A(m), 



TV 2 TV 3 
log(7 + N) = N- — + — + ... 

is a finite series. Then we can define 

logOuI + iV^) = A(/i) + A^a, 

with N\ nilpotent. 

We apply this technique to each generalized eigenspace of A to obtain a complex 
matrix 

B := log A. 

We see B is block diagonal with diagonal elements of the form XI + N\ with N\ 
nilpotent. We know > 1 real gives ReA(^) > 0. For A satisfying Re A > 0, let 
E\ denote the generalized complex eigenspace of A with respect to B, and let E^ 
denote the generalized complex eigenspace of jl with respect to dS(0, 0). There are 
4 cases to consider. 

Case 1: jj, > 1 is real, and an eigenvalue of dS (0,0). Then E\ © E-\ is a 
real symplectic space which is equal to E^ © E^-i. If we put B into Jordan form 
over E\, 



B x := B 



( A 






V o 



1 

A 



\ 



A 



1 

A / 



completing the basis symplcctically over E\ © E_\ gives 

e = — ( B\ ' T 

As fx = jl was an eigenvalue of A, 



cM-JF)\e 



E a ®E r , 



id. 



Case 2: jj, is complex, \p,\ > 1, and jl is an eigenvalue of dS(0,0). Then 
E\(BE-x®E^(BE_^ is the complcxification of a real symplectic vector space which 
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is equal to E^ ffi E^-i © E-~ © Ej-i. Changing variables as in [Chrlj §6, we see 



B: 



where 



/A / 
A 



B\ = 



.. 
/ 



... A I 
V A t 

with I the 2x2 identity matrix and 



A 



Re A — Im A 
Im A Re A 



Further, 



cM-JF)\e 



id 



Case 3: /i > 1 is real, and ft = —fi is an eigenvalue of dS (0,0). Then 
E\ © E-x is a real symplectic vector space, equal to Ep © En-i and -B is handled 
as in Case 1, with the important difference: 



cxp(-JF)| J 



= - id . 



Case 4: \ft\ = 1, Im ft > is an eigenvalue of dS(0, 0). Then E\ © £La is a 
complex symplectic vector space which is the complexification of a real symplectic 
vector space which is equal to E^ © Ej-i, Since we have assumed in particular 
that ft occurs with multiplicity 1, so does A. Write A = ia, a > 0, in which case we 
observe 



F\ 



a 
a 



is diagonal since ft, is distinct. 

Wc have proved the following proposition, which we record in detail to fix our 
notation. 

Proposition 8.1. Let S : Wi — > W2, Wi,Wi C M 2 "~ 2 be a local symplectic map, 
S(0, 0) = (0, 0), and let n^c be the number of Jordan blocks of complex eigenvalues 
fj, of dS (0,0) satisfying \/j,\ > 1, Re/i > 1, and Im yU > 0; n/- ir + be the number of 
Jordan blocks of real positive eigenvalues /1 of dS (0,0) satisfying /i > 1; nh r — be 
the number of Jordan blocks of negative real eigenvalues —fx of dS(0, 0) satisfying 
—fi < —1; and n e be the number of eigenvalues fj. of modulus 1 satisfying Im \i > 0. 
For 



(8.3) j E (I, . . . ,n hc ;2n hc + 1, . . . ,2n hc + n hr+ : 

(8.4) 2n hc + nhr+ + !,-■■, 2n hc + n hr+ + n hr _; 

(8.5) 2n hc + n hr+ + n hr - + 1, . . . , 2n hc + n hr+ - 
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'2n hc +n hr+ +n hr - 

E ** 

2n hc +n hT+ +l 



let kj denote the multiplicity of fij so that 
2n-2 = 

(nhc \ / 2n hc +n hr+ 

E fc . +2 £ k > 
3 = 1 ) \j=2n ho +l 

^2n h< .+n hT+ +n hr _+n <1 

E *i 

2n hc +n hr+ +n hr _+l 

Choose Xj(fij) = log fij satisfying (8.1]b8.fy) for j in the range (|8.3[) and (|8.5[) . and 
/or j m £/ie range (|8.4|) . choose Xj(fj,j) = log(— /x^-) satisfying 18. !Vl8.2\) . Then there 
are real matrices B and F satisfying w B = —B, F* = F , and a symplectic choice 
of coordinates such that 

dS{0, 0) = exp(- JF) exp(S), 

and B is of the form 

B = diag {Bj\ -Bj) , 
for j in the range i8.HN8.5\) . For j G (1, . . .7l/j C ), Bj is the 2kj x 2kj matrix 



( Ai 



(8.6) 



A, 





V o 



A, I 

A j y 



wif/i J t/ie 2x2 identity matrix and 

Re A 



Im A, 



Im Aj Re Xj 



For j G {2nh c + 1, . . . 2n/j C + ?ih r + + nhr—)> Bj is the kj x kj matrix 



f Xj 1 



(8.7) 



B, 



\ 



Xj 1 





V o 



A, 1 



and /or j G (2n./j C + rihr+ + ^ifer- + !)■••) 2n.ft c + rt/„.+ + rihr- + n e) ; -Bj «s the lxl 
matrix 0. ffere 

for j in the range A8.3W8.5\) . where for j G (1, . . . , 2n/j C ), F is the 2kj x 2kj zero 
matrix, for j G (2n/ lc + l,...,2n^ c + rihr+); Fj is the kj x kj zero matrix, for 
j G (2n hc + n hr+ + 1, . . . 2n hc + n hr+ + n hr -), 

Fj = nl, 

where I is the kj xkj identity matrix, and for j G (2nft c +n/, r+ +n; lr _ + l, . . . , 2n? lc + 
n hr+ + rihr- +n e ), Fj = ImAj. 
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Following the proof of Lemma 13.11 we set 

Kl = exp(-iJF) and K t = exp(iB), 
which we observe is the same as 

K\ = exp(tifgi) and K t = exp(tH q ) 

for 

Q(x,0 = 

rihc k j 

(8.8) = EE (Re Xj (X2i-i6i-i + %2i&i) ~ ImA i (^2^-1^2/ - a?2z6l-i)) 

3=1 {=1 

"fee fcj- 1 

(8.9) + E E (X2i+i6t-i + a?2i+260 

J=l 1=1 

2n hc +n hr+ +n hr - I kj kj-1 

(8.10) + e [J2^i + J2 xi +^ 

j=2n hc + l y=l (=1 

and 

(8.11) E + E -^(4+ a- 

j=2n hc +n hr . + + l j=2n hc +n hr+ +n hr _+l 

8.2. Geometry of the Poincare Section. The previous section motivates the 
next proposition. First we need the following lemma, which follows from the more 
general [Chrll Lemma 4.2]. Recall under the assumption that 5 is hyperbolic, the 
stable and unstable manifolds Azp C N for 5 are n — 1-dimensional locally embedded 
transversal Lagrangian submanifolds (see HaKa, Theorem 6.2.3]). 

Lemma 8.2. Let 5 : Wi -> W 2 , W U W 2 C R 2 ™ -2 , 5(0,0) = (0,0), 6e a Zoca/ 
hyperbolic symplectic map with unstable/stable manifolds A±. T/ien i/iere exists 
a local symplectic coordinate system (x,£) near 7 such that A + = {£ = 0} and 
A_ = {x = 0}. 

For the following proposition, we assume there are no negative real eigenvalues 
and no eigenvalues of modulus 1 to the linearized Poincare map. Later we will 
modify the general Poincare map to be of this form. This follows from the proof of 
[Chrll Proposition 4.3]. 

Proposition 8.3. Let S : W\ — ► W2, Wi,W 2 C M 2 "~ 2 , be a local hyperbolic sym- 
plectic map, 5(0,0) = (0,0), and assume <i5(0,0) has no negative real eigenvalues. 
There is a smooth family of local symplectomorphisms K t , a smooth, real-valued 
matrix function Bt(x, £), and a symplectic choice of coordinates in which 

(%)«o=id, «i(a;,£) = S(x,£); 

(8.12) (ii)j t K t = {K t ),H qt , 
where 

(8.13) q t (x,Q = (B t (x,0x,0- 
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Here 

(8.14) (B t (0,0)x,O=q(x,Z), 
for q(x, o/ the form I8.ffl8.lty . 

9. The Proof of Theorem Q] 

9.1. Motivation. We recall from Theorem [3] that if u G L 2 (X) has wavefront set 
sufficiently close to 7 and -B 6 \& ' (V) is a microlocal cutoff near (0,0), we have 
for z e [-e , e ] + i(~c h, c Q h), 

|| (P - zH| L2(x) > Cr 1 ^ ||B(J - M(z))P +U || i2(v) . 

Hence we want to show M(z) has spectrum away from 1. This is the content of the 
following Theorem, which we state in its general form for reference. 

Theorem 5. Let V C K 2m be an open neighbourhood of (0,0), and assume k z : 
neigh (V) — > K z (neigh (V)), k z (0,0) = (0,0), z 6 (—5,5), (5 > is a smooth family 
of symplectomorphisms such that c?k z (0,0) is semi-hyperbolic and the nonresonance 
condition ||1.2|) ZioZds /or d/c 2 (0,0). Let M(jz) &e i/ie microlocally unitary h-FIO 
which quantizes k z as in Provosition \3.2l Then for z G (—<5', (5'), > sufficiently 
small and s£l sufficiently close to 0, t/iere exist self-adjoint, semiclassically tem- 
pered operators exp(±sK w ) so that for v <E L 2 (M m ) with h-wavefront set sufficiently 
close to (0, 0), 

1 „ 



(9.1) 



-sK v 



M{z) 



sK u 



< 

L 2 ~ R 



v l 2 - 



From SJ5J we know M(z) is an h-FIO associated to the graph of S(z), where S(z) 
is the Poincare map for j z , the periodic orbit in the energy level z. Suppose for the 
moment that S(z) satisfies the hypotheses of Proposition llPl and let q z>t be qt as in 
the conclusion of the Proposition, where now g Z)t varies over energy levels z near 0. 
Setting Q z t = Op™(q Zt t), from Corollary 13.41 there exists M Zj o G ^/J' microlocally 
unitary so that M(z) = M z (l) for M z (t) a family of operators satisfying the 
evolution equations 

hD t M z + M z Q z j = 0, < t < 1, 
M z (0) = M Zt0 . 

In order to prove Theorem [5l we observe if W(z) : L 2 (V) — > L 2 (V) is the 
microlocal inverse for M(z), we have also W^o G microlocally unitary so that 
= VF Z (1) for W^ z (t) satisfying the following evolution equation: 

(9.2) hD t W z - Q z , t W z = 0, < t < 1, 

(9.3) F^ 2 (0) = W» l0 . 

The rest of this section is devoted to proving there exist semiclassically tempered 
operators cxp(±sK w ) as in the statement of the Theorem so that 



(9.4) 

for some R > 1. Then 
IMU 2 (V) 



W{z)e sK ™v 



L 2 (V) 



>R\\v\\ L 2rv) 



e- sKW W{z)e sKW e 



sK u ' 



M{z)e sK ™v 



R 



-sK" 



M{z)e 



L 2 (V) 
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which gives the Theorem once we prove (|9.4j) . 

In order to get Theorem Q] from Theorem [5j we observe by (|9.1j) we have also 



I-e- sKW M(z)e sK ~ )v >C _1 ||i;||. 



Thus 

sK w n Mr\„sK w „, .A 1 1 „ . 1 1 2 r>„ /„-sJf" i .r/„\„sS: 



Re (V sK (I-M)e sK v,v) = \\v\\ 2 - Re (V sK A/(z)e" 

Since || exp(±sii'' u ')||i2_ +L 2 = 0(h~ N ) for some A/, we have 
Re ((7- M(z))v,v) > Ch N \\vf. 

Now let u G 7 2 (A^) have wavefront set close to 7. Set v = R + u so that WFhV 
is close to (0,0), and observe with B as in Theorem [3] and b = <Jh(B), 1 — b has 
support away from (0,0) £ T*W n ~ 1 . Then 

Op£(l - 6)M(2)w = M(z)Op£(W(l - 6))« = 

so that if WF/jtt is sufficiently small, 

B(I - M{z))R+u ={I- M(z))R+u 

microlocally, and (|6.12[) gives the theorem. 

□ 

Our biggest tool so far is the normal form deformation in Proposition 18. 3[ how- 
ever we cannot immediately apply it to S(z) satisfying the assumptions of the 
introduction. To get by this we will transform S(z) into a hyperbolic map satisfy- 
ing the assumptions of Proposition 18.31 and then later deal with the errors which 
come up when transforming back. 

The proof of Theorem \5\ will proceed in 4 basic steps. First, we deform the 
effective Hamiltonian into a sum of two Hamiltonians with disjoint support in t, one 
hyperbolic and one elliptic. The summed Hamiltonian will be called q Zy t- We then 
modify the evolution equation defining W z to an equation involving a conjugated 
version of W z , W(t). This evolution equation will be given in terms of a conjugated 
quantization of q z _t, Qz,t, that we will then need to estimate from below. This step 
is a variation on the classical idea of a "positive commutator". That is, Op™(q Zit ) 
is self-adjoint, but if we conjugate it with an operator of the form e G , we get 
OPfc(9z,t) plus a lower order sfcew-adjoint commutator. The principal symbol of 
the commutator [G, Op {q z ,t)] is hiH qz t G. The linear part of H Qz t is block diagonal 
in the hyperbolic and elliptic variables, but the nonlinear part potentially forces 
interaction between the hyperbolic and elliptic variables. Hence we will be forced 
to introduce a complex weight G to gain some orthogonality between the hyperbolic 
and elliptic variables. This is accomplished in Step 3. Finally we will estimate M, 
whose inverse is related to W by conjugation. 

9.2. Step 1: Deform g z t . We construct a rescaled deformation of identity into 
S(z) in which the elliptic part of the effective Hamiltonian has disjoint support in 
t from the support of the non-elliptic part. 
We will be using four cutoff functions, 

lM*),Va(*).lK*). and y(t) : [0,1] -> [0,1] 




FIGURE 7. The cutoff functions tpi, ip2, ip, and \. 



satisfying the following properties (see Figure [7]) : 

(i) ^i(O) = MO) = ^(0) = X(0) = 0, ^x(l) = ^,(1) = <&(1) = X (l) = 1; 

(ii) tpi, ip , and x are all non-negative, 

(iii) supp^ C [0,1/4], suppx' C [1/4,1/2], 
suppV/ C [1/2,3/4], and supp?// C [3/4,1]. 



Motivated by Lemma IA.ll and Proposition 18. 3[ we construct a family of sym- 
plcctomorphisms, n z ,t, satisfying k z $ = id and fc Zl i = S(z), but the elliptic part 
has disjoint support in t from the hyperbolic part. That is, let F be given as in 
Proposition 18. 11 and let 

E = cxp(- JF), K\ = cxp(-tJF), 

so that Kq = id , K\ = E, and 

±-K l t ={Kl)*H q ., 



where q 1 is given by (|8.11[) . Let K\ be defined by 
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so that Kq = id , K\ = E, and the chain rule then gives 

= V'lW(-fO*- ff « 1 |T=Vl(t) 
= ( K t)* H lp' 1 (t)q 1 - 

We introduce an "artificial hyperbolic" transformation which will temporarily 
replace the elliptic part by setting 

2hhc+nhr++n.hr-+nc 

lah = 2X &> 
j=2h hc +n hT+ +n hr _+l 

defining K ah = exp(H qah ), and 

S(z) = K~l o E- 1 o S(z), 

so that S(z) satisfies the assumptions of Proposition 18.31 near z = 0. From Propo- 
sition [ST31 there is a family n\ t satisfying n\ = id, k\ x = S(z), and 

tf£ K *>t = ( K l,t)*Etq z . t , 

where now 

for B 2it satisfying (|8.14[) . Let 



so that /c Z) o = id, ft z ,i = S'(z), and 

^K*,t = ^'{t)^-Kl T \ T=Ht) 

= ^(t)(4,r)*^, T lr=^(t) 

Let if t 2 = exp(tiJ 9ah ) and i^"f = K^ t y so that if 2 = id , .Kf = A' a/l , and 
Finally, let 

k m = i^ 1 o Kl o « Zjt . 
Unraveling the definitions, we have K z ,t satisfying 

(i) k*z,o = id, k Z) i = S(z); 
Kj, 0<i<l/4; 

(ii) K z ,t 



E, 1/4 < t < 1/2; 
EoKf, l/2<i<3/4; 

£ o Kah ° K z a. 
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If we compose a smooth function a with K z ,t, using Lemma lB.l| we have 
f fa{Kl), 0<t<l/4; 

—— k* ft = J ^ a(i?) ' V4<*<l/2; 

dt 2,t I fa(E)oKf, l/2<t<3/4; 

I f t a{EK ah ) o k z>t , 3/4<t<l; 

(H^ i(t)q ia) o Kl 0<t<l/4; 
0, 1/4 < 1/2; 

(if(B-i).^(t) toh o) o £ o A^, 1/2 < t < 3/4; 
( ff (Jf- h 1 )-(B- I )^'(t)«..* w °) ° E ° ° **.*> 3 /4 < * < 1. 
Summing up and using the support properties of V 1 , V'l; an d "02 j we have 

c/f ' 

where 














- id h- 














(9.5) q% = (rt^YWMO + (^ViC*)^ + ^W^. 

We record for later use that since ip = ip' = and ■02 = ^2 — 011 the support 
of x' > we have for t G supp , 

(9.6) K z , t = E = 

where id h+ is identity in Xj and £j for 

1 < j < 2n hc + n hr+1 
id h- is the identity in Xj and £j for 

2?i /lc + n hr+ + 1 < j < 2n hc + n hr+ + n hr _, 
and E is an elliptic symplectic transformation in the variables Xj and £j for 
2n hc + n hr+ + nhr- + 1 < j < 2n hc + n hr+ + n hr - + n e . 

9.3. Step 2: Conjugation of Evolution Equations. For Step 2, we introduce 
the following notation. By (Xh yp ,Shyp) and (Jf e ii, H e ii) we mean the symplectic 
variables in the subspace associated to the hyperbolic and elliptic parts of dS(0, 0) 
respectively. In our notation, 

-^hyp — 0^1 ; ■ ■ ■ ; X n — n<i — l) , >^hyp — '1 ) • • ' ) ^n — n e — 1 ) j 

and 

^ell — (^n — n e i • • • ; -^n— 1 ) ) ^cll (^n— n e ; • • • ; ^n— 1 ) ■ 

For a vector y S R™ _1 , we define also 



l^lhyp = E F / and 
n-1 

M2n = E 
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where as usual n e = n — 1 — 2nh c — rihr+ — rihr-- If 

(B-, ■) : W 1 - 1 x IR"" 1 -> C 
is a bilinear form, we will also use the notation 

n— In— n e — 1 n — 1 n— 1 

Let W{z) = M(z)- 1 as above and let Q x>t = Op%(q 2 z t ) for q 2 z t in the form ([^3)1 . 
Applying Corollary 13.41 there is W z (t) and W z .o unitary satisfying (|9.2H9.3p with 
this choice of Q Zft so that W z {\) = W{z). As in g3 but with instead of M z , if 
we conjugate W z (t) satisfying (|9.2M9.3[) in a way which is independent of t, we get 
a new equation with a conjugated Q z .t- That is, with T h ^ defined in (|2.3[) . let 

w r " ,1 (*) = r fc)S w*(t)^ 

and observe Vt /2,1 (t) satisfies 

ft^W 2 ' 1 - Ql tt W z>1 = 0, < t < 1 

^ z,1 (o) = r fc)A w,,oT-j[ 

for Qi, t = r h)S Q,, t T-i. 

We define the escape function G in the new coordinates by 
(9-7) G(X,~) = llog^ i±^|£ ^+il([X ell | 2 -|S ell l 2 ) 

=: G 1 +iG 2 . 

Here we have added an imaginary term to the definition of G. Observe 

exp(iOpy(G 2 )) 

is unitary. As mentioned in the introduction to this section, this is used to control 
the nonlinear interactions between the hyperbolic and elliptic variables in a Poisson 
bracket later in the proof. 

The real part of G, G\, satisfies 

<C Q/3 (A)-H(S)-^I, for (a,/3)^(0,0), 

and since (X) 2 (S) -2 is an order function, ReG satisfies the assumptions of Lemma 
12.31 Thus we can construct the operators e ±sx ^ G , where G w is the h-Weyl 
quantization of G, and doing so we may define 

(9.8) W(t) = e- sxGW W z ^{t)e sxGW . 
Similar to iJTl W satisfies the evolution equation 

(9.9) hD t W-Q zt W = -sx'ity- 3 *^ \W Z -\G W ] e sxG ™, < t < 1 

i L J 

(9.10) W(0) = e- sx ^ GW T hl W z , Q T-le sx ^ GW , 
where 



9f5|Gi(X,H) 
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The definition of W 2 ' 1 together with Proposition 13.61 means 

X '(t)[W*'\G w ] = x'm h : h [w^T~lG w T h j\T-l 

= x'(t)T h M (^ t G-G + 0{h l ' 2 ~h^)) W*T-l, 

where 

G(x,0 = G ((ft/ft)* (a>,£)) G .Sr 00,0 ' microlocally. 
From (|9.6p and the definition of G, 



Re n* zt G = ReG 

on suppx'- Hence, using Lemma 12.21 and Proposition 13.61 there is a symbol et E 
(SJ" 00 ' -1 ^ 2 ' -3 ^ 2 such that 

Im5sx / (t)e- s * G '" [W^CT] e sxG ™ = 

= Im^x'W ^Op s (e t ) + j«x , (*)G w Op s ({e t ,G}) + 0(^/2^/2^ 
= 0(h 3 ^ 2 h 3 / 2 ). 

9.4. Step 3: Estimation of Q 2i t. We want to gain some knowledge of Q z .t- For 
that we use the techniques from the proof of Theorem 1 in [Cirri] together with the 
necessary modifications discussed in the introduction. We summarize the content 
of this Step in the following Lemma: 

Lemma 9.1. For Q z .t as defined above, we have the estimate 

(9.11) - lm(Q z , t u,u) > ^{t)^\\u\\ 2 , 

for any u e i^R"" 1 ). 

The idea is that the conjugated Qz.t is Q\ t to leading order, which is self-adjoint, 
and the second order term is roughly the quantization of 

~-H q G 

i 

for a quadratic form q. The following Proposition is from [Chrll Theorem 4] and 
says that for the quadratic forms in which wc are interested we can make H q G into 
a positive definite quadratic form, and there are linear symplectic coordinates in 
which H q G is almost the harmonic oscillator J^j x "] 1 + • 
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Proposition 9.2. Suppose q 6 C°°(R 2m ) is quadratic of the form 

q(x,0 = 

(9.12) = y~] ( Re Xj (X2t-i6t-i + 3^60 - ImAj- (a^-i^M - a^j&J-i)) 

3=1 ' = 1 

"he fc J ~ 1 

(9.13) + E E (^i+i^J-i +X21+2&1) 

3=1 i=l 

2n hc +n hr / fcj kj-1 \ 

(9.14) + ^ 5> ja!| 6+ J>t+iG , 



and 



j=2ra hc + l \( = 1 ( = 1 



G(^0 = 5(log(l + N 2 )-log(l + |^| 2 )). 



Then there exist m x m positive definite matrices M and A/', positive real numbers 
< T\ < r2,< ••■ < r m < 00 , and linear symplectic coordinates (a;,£) smc/i i/ia£ 

<" 5 > W^W + TW' 

Let U be a neighbourhood of (0, 0), U C T*lR n_1 , and assume 



^C[/ £/2 :={(x,0: |(ar,OI < |} 



for e > 0. We assume throughout that we are working microlocally in U e . With h 
small (fixed later in the proof), we have done the following rescaling: 

1 1 
(9.16) X := (h/hy Xl S := (V/i) 2 £ 

We assume for the remainder of the proof that | (X, S) | < e. We used the 

unitary operator T h r defined in (|2.3|) to introduce the second parameter into Q z ,t 
to get 

Ql,t = T h,hQ^ T h,l 

as above. On the support of x(f), after a linear symplectic change of variables, we 
write 

Q% t = T h:h O Ph (i>'(t)q Ztm + {K ah E)*i>> 2 {t)q ah )T-l, 
where q z .t = {B Zyt x,£) defined in Step 1. The principal symbol of Q 2 Z t on suppx' 



is 

. 2 



(9.17) < t (X,S) 

= q s Z!t (X,E)+q ah ((h/h)i(X,E)) 

= t//(t)(B sm ^h/hy(x,E^j (h/hyx, (h/iy» 

2h hc +n hT+ +n hr - +n e 

+m) E (h/h)2X 3 E J: 

j—2h ho +n hr ++n hT -+l 
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and t e ' microlocally. We have 



M/2 



(9.18) |^, H gL| <C a (h/h) 

for (X, S) e [/._ . i by Lemma O 

(h/hj ^ e 

Now Re{G,q ah ((h/h)^ 2 (X,E))} = 0, so to find the real part oiHgG, we need 
only calculate Re-ff 9 3 G. For |(X, H)| < (h/hj ewe have with G as above in (|9.7p 



(9.19) = (h/h)x/j'(t) 
(9.20) 



ax/ 



D 



d_ „ 



V(*) 



05 



(9.21) 



E 

n-l 



B z ,i>(t)(-i -)X, 5 



05. 



G(X,S) 



G(X,S) 



G(X,S) 



Now owing to Lemma l2~2l and (|9.18|) we have microlocally to leading order in h: 



Read£j„, (Q 2 z t ) = L 2^ L 2 (hh 



',k-l 



and in particular, 

(9.22) ilm [Q'l t ,G w ] = -ihReOpf (H^G^j + C(/i 3/2 /i 3/2 ). 
Estimating the real part of the errors (|9. 20119. 2lj) . we get 

n-l 



Re 



(9.23) 



_i=i 







E ( ^ S *W>(*)(">") X > 3 



dX. 



G(X,E) 



;0(\E\\X\\X hyp \), 



1+l^hypl 2 

and analogously for (|9.21[) . At (0,0), B z ^ t ) is positive definite and block diagonal 
of the form (|8.14[) . so we compute: 



X 



iX, 



oil 



C~ 



\ X hypY 



l+l*hyp| 5 



|*ell| 



= c 



-1 \ X \ 2 + l^hyp| 2 |X 



ell 



Hence 



(9.24) 



Re 



1+l^hypl 



rO(|3||X||X hyp |) 



B 



</<(/ 



1 + l^hypl 2 

} (0,0)X,( 



hyp " *y 

l+l^hypl 2 ''^ 011 



D 



' m (o,o)x,( 



Re 



B m (0,0)XA- 



X 



hyp 



I^Thyp 



ell 



l+|^hyp| 2 ' l ^ Cl1 

o(l 3 l), 
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and analogously for (|9.21|) . Now we expand B z ^^ in a Taylor approximation about 
(0, 0) to get 



ReH 3 G = 



Re lh/h)ip'(t) 

+ Re(h/h)"0 
+ Rc (h/h)i>'(t) 



B zMt) (0,0)XA- 



+ \x\ 2 



,iX, 



oil 



hyp 



Wl-^hypl 
l + |^hyp| 2 



l(*,3) 



^,V(t)(°)°) S > ( 1 — pf 2 , ^cll 



I hyp 



+ Re(h/h) O 



R 1 1 "hyp 



1+3 



«, 1 2 



hyp 



which, from (|9.24[) . is 



Rei?„ 3 G 



X 



Re(h/h)i>'{t) (B zMt) (0,0)X, f 1+ ^| 2 



l+(h/h) k O(\Z\) 



I hyp 



+ Re (tyfcj ^'(*) ( ^( t )(0, 0)5, ^ 1+ "p|2 



Now since -B z ^( t )(0, 0) is block diagonal of the form (|8.14[) , Proposition l9 . 21 yields 
a linear symplectomorphism k± such that 



ReKl(H qlt (G)) = 

r h/h)i>'(t) 

En— r 
.7 = 1 



"""e-l -2 X 1 



En — 7 
.7 = 1 



1 + \MX\ 2 



l+lh/h) 0(\E 



n—n e — l — 2^2 

r J-^[i + {h/hYo{\x\) 



1 + |M'S| 2 

where M and M' are nonsingular. Thus, since xWV'iW = 0, 



Im Q z 



(9.25) 



Jms X (t)[Ql t , G w ] + a X (t)E? + s 2 x(t) 2 E™ 
-^x(*)(Ai(l + E ) + A 2 (l + E' )) w 
+sx (t)E? + s\(t) 2 E™, 
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with E ,E' = 0(e), Ei = 0(/i 3 / 2 /i 3 / 2 ), E 2 = 0(hh), and (Ai + A 2 ) w =: A w = 
Op^(A) for 

/y^n-ne-l -2j2 y^n-n e -l -2 CT 2\ 

(9.26) S) = V'WK 1 )* + ^ • 

From Proposition 13.21 there is a unitary /i-FIO f\ quantizing kJ -1 so that 

i := FxOpf (^)Ff 1 = Opf + £>(/?). 
We claim that for h sufficiently small and v smooth, 

(A w v,v)>^\\v\\ 2 

for some constant C > 0, which is essentially the lower bound for the harmonic 
oscillator h 2 D 2 x + X 2 . It suffices to prove this inequality for individual j, which is 
the content of Lemma 19.31 As F\ is unitary, setting v = F\U for u smooth gives 

(A w u,u) > ^\\uf-0(h 2 )\\u\\ 2 

(9-27) > ±\\u\\ 2 , 

for h > sufficiently small. 

Now hx h > and |s| > sufficiently small so that the estimate (|9.27[) holds 
and the errors E\ and E 2 satisfy 

\\shA w u\\ L 2 » \\sE?u\\v + \\s 2 E^u\\ L 2, 

and fixe > sufficiently small that the errors \Eq\, \Eq\' <C 1, independent of h > 0. 
For u a smooth function with wavefront set contained in U, we now have 

-lm(Q z , t u,u) > ^'(t) x (t)^\\u\\ 2 
= i>'(t)^\\u\\ 2 , 

since x(t) = 1 on the support of ip[{t). This is (|9.11[) , the crucial estimate needed 
for Step 4. 

If q z t is not in the form (|8.13[) . by Proposition IS . 31 there is a symplectomorphism 
k 2 so that K^q z ,t is of the form (|8.13p . Using Proposition 13.21 to quantize k 2 as an 
h-FlO F 2 , we get 

Ovl{K*q z ,t+E 1 )=F- 1 Q Ztt F, 

where E\ = 0{h 2 ) is the error arising from Proposition 13.21 We may then use the 
previous argument for K 2 q z j getting an additional error of 0(h 2 ) from Proposition 
| in (I9~TTT) . 

The following Lemma comes from [Chrll Lemma 5.1]. 



Lemma 9.3. Let 



,2 „2 



(y) 2 (v) 2 ' 
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Then di, i = 0, 1 satisfies 
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vh + vh-i , ^j + ^j-i 



<2/> 5 



(9.28) 



/or h > sufficiently small and a constant < C < oo. 

9.5. Step 4: Estimation of VK. Let v G £ 2 (V) with wavefront set sufficiently 
close to (0,0), and set v = T h ?v. Now W(t) is no longer unitary, so we calculate 



d t (W{t)v,W(t)vj = 2{d t W(t)v,W(t)v 

= | ( (Q z , + 0(h a ' 2 h a ' 2 j) W(t)v, W(t)v) 
= -r ( ( Im Q z ,t + £>(ft 3/2 h 3/2 )) W(t)v, W(t)v) 
> C- 1 U'{t)~h - 0(h 1/2 h 3/2 )^j (W(t)v, W{t)v\ . 
Thus there is a positive constant C such that 

dt ((w?(i)«,W ? W«)e-^«' 1 -°( /ll/2,l3/2 ))/ c *) > 0, 



so 



W(t)v 



> e 



i>(t)(h-0(h 1/2 h 3/2 ))/C 



and since ip(l) = 1, shrinking ft, > if necessary, we have for < h < ho sufficiently 
small, 



W{l)v > R||W(0)u||, R > 1 independent of < h < h 



Now 



W(0) 



-sx(0)G* 



T h ,- h W*(0)T-ie 



l„sx(0)G" 



is unitary, so 
(9.29) 



T H,kW Z (0)T-l 



W(l)v >R\\v\\, 



independent of < h < fig. 

As in SjTJ let the operators K w be defined by 



T -l e sx(l)G m T = T -l sG ™ T 



~h,h 



L h,h' 



so that 



W(l) =e~ sK M(z)- L e 



-1 sif* 



and Theorem [5] is proved. 



□ 
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Remark 9.4. The error arising at the end of the proof of Theorem [5] from the use 
of Theorem l3.2l is of order 0(h 2 ) and hence negligible compared to our lower bound 
of h for A. However, the estimate of A is used for the imaginary part of Q z ,t, and 
the error in Theorem 13.21 is real, so 0(h) would have been sufficient. This means 
the analysis above does not strictly depend on using the Weyl calculus. 

Remark 9.5. It is interesting to note that the estimate (jl.3[) depends only on the 
real parts of the eigenvalues Xj above. Unraveling the definitions, the eigenvalues Xj 
are logarithms of the eigenvalues of the linearized Poincare map dS(0) from above. 
Then (|1.3p depends only on the modulis of the eigenvalues of dS(0) which lie off 
the unit circle. We interpret this as a quantum analogue of the fact that dS(0, 0) 
is semi-hyperbolic. 



10.1. Proof of Theorem [2j In this section we show how to use Theorem [T] with 
a few other results to deduce Theorem [2l 

Proposition 10.1. Suppose ip a € S°'°(T*X) nC™{T*X) is a microfocal cutoff 
function to a sufficiently small neighbourhood 0/7 C {p~ l {Q)}. For Q{z) — P{h) — 
z — iCha w as above with z G [—1, 1] + i{— c^h, oo), cq > and C > sufficiently 
large, we have 



For this proposition and the proof, we use the convenient shorthand notation: 
for a symbol b, b w := Op %(b). 

Remark 10.2. Note that Proposition 110.11 is the best possible situation. It says 
roughly that away from 7, Q~ 1 is bounded by Ch^ 1 . Thus the global statement in 
Theorem [2] represents a loss of ^J\og(\/h). 

Proof. Choose cq > from Theorem [lj and assume supp-0o n suppa = 0, Choose 
C > sufficiently large so that 



10. Proof of Theorem and the Main Theorem 



(10.1) 




(ca - cora - ^oT > co(i - > c ((i - Vorra - 



Then we calculate 




< 



< 



11/11 11(1 -i>o) w u\\ 

(46^)- i ii/n 2 +6^ii(i-^r«ii 2 



for any e > fixed. Taking f <cp yields (jlO.lj) . 



□ 



We need the following lemma, which follows with little modification from |CtnT| 
Lemma 6.1]. 
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Lemma 10.3. Suppose V C T*X, P G (or P G *^'" b differential with 

homogeneous principal symbol if^HdX ^0),T>O,Aan operator, and V C T* X 
a neighbourhood of 7 satisfying 

Vp G {p _1 (0)} \V, 30 < t < T and e = ±1 such that 



(10.2) 



exp(es J H" p )( /9 ) C {p-^O)} \V for < s < t, 
exp(esH p )(p) is non-glancing for < s < t, and 
exp(etH p )(p) £ V Q ; 

1 

and A is microlocally elliptic in V x V . If B G *°'°(X, fi|.) and WF^(B) C 
T*X \ V, then 

\\Bu\\ < C (h- 1 \\Pu\\ + \\Au\\)+ G(h°°)\\u\\. 

We will need the next lemma, which is essentially an operator version of the 
classical Three-Line Theorem from complex analysis. The proof can be found in 
jChrll Lemma 6.3], which is collected from |BuZwi Lemma A. 2], |Buri Lemma 4.7]), 
and |TaZw[ Lemma 2]. 

Lemma 10.4. Let Ji be a Hilbert space, and assume A, B : Ti, — > 7i are bounded, 
self adjoint operators satisfying A 2 = A and BA = AB = A. Suppose F{z) is a 
family of bounded operators satisfying F(z)* = F(z), ReF > C -1 Imz for Imz > 
0, and further assume 

BF (z)B is holomorphic in ft := [— e, e] + i[— 5, 5], for - «M N i < 1 

for some iVi > 0, where \\BF~ 1 (z)B\\ < M. Then for \z\ < e/2, lmz = 0, 

(a) \\BF-\z)B\\ < C^, 

'IokM 



(6) \\BF~ 1 {z)A\\ < C. t 
Proof of Theorem [H Let ipo satisfy the assumptions of Proposition 110.11 Then 

iKi-^ruii < c^iiq^h. 

Further, since 

\\[Q,^]u\\<\\[Q,^](l-^)u 

for some tpo satisfying the assumptions of Proposition llO.Tl and WF;,^ C {V'o = 1}, 
so using Theorem[T] the fact that [Q, ip^] is compactly supported (in the hyperbolic 
regions if 7 n dX ^ 0) and of order h, we have 

ll^ull < Ch- Na {\\^Qu\\ + \\[Q,^]u\\) + 0(h°°)\\u\\ 

< Ch~ N ° (\\WQu\\ +h- 1 \\hQu\\) +0(h°°)\\u\\ 

< Ch~ N "\\Qu\\ + 0(h°°)\\u\\. 

This follows immediately from Lemma [10.31 with A = h^ 1 [Q, ipo] (1 — i[iq) w and 
B = ^. 

Now let F(w) be the family of operators F(w) = ih 1 Q{zq + hw), A = x^ PPV j 
B = id. Fix S > independent of h, e = (Ch)^ 1 , M = h~ N °, and apply Lemma 
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\BF~ L B\\ < Clog{h- No ); 



[TO to get 



WBF^AW < C^Jlog(h- N °), 

and (jl.5Hl.6p follows. □ 

10.2. Proof of the Main Theorem. The proof of the Main Theorem now will 
follow as in [Chrlj by a commutator argument, although we will need to take some 
care at the boundary. Let a w be a symbol which is microlocally 1 away from 7, and 
for z E [— to? eo] +*(~ c o^-) c<)/i), define as in [BuZw| and [Chrlj and the introduction 

(10.3) Q(z):=P(h)-z-iCha w ; C> fixed. 

For the analysis near the boundary, choose also ip G C°°(R) satisfying Q4.2fl4.3p . 

Let G T*X, for j = 1, . . . , K denote the points where 7 reflects off the 
boundary, with rrv^ denoting the point of intersection with the boundary of the 
outgoing and incoming bicharacteristics respectively, and let rrij be the projection 
of rtv^ onto T*(dX). Let Uj C T*(dX) denote a neighbourhood of mj which is small 
enough so that a factorization of P as in Lemma |4~T1 is possible in a neighbourhood 
of Uj. Shrinking Uj if necessary, we assume also that the construction in Lemma 
14.61 is valid in a neighbourhood of Uj. That is, if P is factorized as in Lemma |4~T1 
near Uj, we write 

P = {hDi - A-(x,hD'))(hD 1 - A+(x,hD')) near m,-, 

and there is an operator Abj(x, hD') which is 1 microlocally near Uj, zero away 
from Uj and commutes with (hDi — A + (x, hD')) microlocally near Uj. 

Let 7^ be a small interval on the outgoing/incoming bicharacteristic near n%j , 
and let Uj C T* X be a neighbourhood of 7j_ such that 

(WF h (i;(P)A b ,j))\ dx c Uj, 

and ip(P)A b>j = 1 011 j 3 ±nUj. Choose Xj £ C^(T*X), X j = 1 on U 3 with sufficiently 
small support that 

(10.4) ip(P)A bj =1 on supp Vxj n 7. 
Finally, set 

j 

Now for A G ^/.'ji, as in the statement of the Main Theorem with wavefront set 
sufficiently close to 7, let Aq G have wavefront set close to 7 and satisfy 

A = 1 on J WF h A \\{JUj 



'3 

j 



K 



(10.5) A Q = 1 on MJ suppVxj ] H 7, 

\j=o 

A = elsewhere . 



QUANTUM MONODROMY 



(il 



We define A e ^h° db satisfying 

(10.6) A = 1 on WF h A 

by 

A = xoAo +J2xMP)A b ,j, 

3 

where ip satisfies (|4.2H4.3[) . Observe if WF^A is sufficiently close to 7, A satisfies 
(UnU). We have Q(0)Au = P(h)Au since WF h a w D WF h A = 0. But 



(10.7) 

and wc claim 



P,A 



P(h)Au= P{h),A u + AP{h)u 



[P, xo^o] u + J2 {[P, xM p ) A b. 3 ])' 



(10.8) = 0(h)\\(I- A)u\\. 

To see this, we observe for u G C°°(X) n L 2 (X), 

[P, xo^o] u + [P, XjAb.j] = 
3 

= xo [P, M u + [P, xo]A u 

3 

\\([P,Xo]A + E t P ' Xj] ^{P)A^)u\\ < Ch\\{I - A)u\\ 



We have 



from (|10.4p and (|10.5|) . These two conditions also imply 

WF^xo [P, A ] n 7 = and 

WF hX M p ) [P,A b ^]r\ 1 = % 1 

and the symbol of Aq is compactly suppported away from the boundary, so 

llxo [P,A ]u\\<Ch\\(I-A)u\\. 

For each j, it suffices to consider the remaining terms in local coordinates at the 
boundary. Fix j and assume we are in the coordinates used in Lemma 14.61 in Uj : 

Xjip(P) [P,A bJ (x,hD')] = 

= Xii>{P) [OA - A-{x, hD'^hDt - A+(x, hD')), A btj ] 
= xMP) [(ftDi - A-{x, hD')), Ab,j(x, hD 1 )] {hDt - A+(x, hD 1 )), 
since A bj j commutes with (hDi — A+(x, hD')). The principal symbol of 
XMP) i(hDi - A_(x, hD')), A btj (x, hD')] 

is 

jXjmi ~ ri (x, + r* {x, £'))) {(6 + ri (x, £)U h {A+.){x, £')} , 

which is 0(h) and has /i-wavefront set away from 7. Summing over j gives (|10.8|) . 
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Combining (fL6|) . (fTOTj) . and (fTtlgjl . we have 



II«IIl 2 (a) 



< 



||(/-A) U || i2(x) 



+ IK-f-^HIi2 (x) 



< 



C (v/logfl/ftJ + C" 1 ) - A)«|| ia(JC) 



which for < h < fin is the statement of the Main Theorem. 



11. An Application: Quasimodes near Elliptic Orbits 

In this section, we show how the techniques of reducing microlocal estimates near 
a periodic orbit to estimates on an /i-Fourier integral operator acting microlocally 
on the Poincare section via the Quantum Monodromy operator from |SjZwl| and 
£j6] can be used with the quasimode construction in [ISZj to produce well-localized 
quasimodes near an elliptic periodic orbit. We also give estimates on the number 
and location of approximate eigenvalues associated to the quasimodes. 

Let X be a smooth, compact manifold, dim X = n, and suppose P £ & k '°(X), 
k > 1, be a semiclassical pscudodiffcrcntial operator of real principal type which 
is semiclassically elliptic outside a compact subset of T*X as in the introduction. 
Let $ t = cxp tHp be the classical flow of p and assume there is a closed elliptic 
orbit 7 C {p — 0}. That 7 is elliptic means if N C {p = 0} is a Poincar'c section 
for 7 and S : N — > S(N) is the Poincare map, then dS(Q, 0) has eigenvalues all of 
modulus 1. We will also need the following non- resonance assumption: 

if e ±tai , e ±M2 , . . . , e ±ia " are eigenvalues of dS(0, 0), then 
ai,ct2, . . . ,otk are independent over 7rZ. 

Finally, we assume if 7 n dX ^ then 7 reflects only transversally off dX, dX 
is noncharacteristic with respect to P, and P G DifF.' „ . 

Under these assumptions, it is well known that there is a family of elliptic closed 
orbits 7 Z C {p = z} for z near 0, with 70 = 7. In this work we consider the following 
eigenvalue problem for z in a neighbourhood of z = 0: 

(P-z)u = 0; 



(11.1) 



(11.2) 

We prove the following Theorem. 



u\\ 



1. 



Theorem 6. For each m £ Z. m > 1, and each cq > sufficiently small, there is 
a finite, distinct family of values 

and a family of quasimodes {uj} = {uj(h)} with 

WF hUj =j z „ 

satisfying 

(P-z,)u 3 = 0(h™)\\u 3 \\ L2{x y, 



(11.3) 



1. 
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Further, for each m G Z, m > 1, i/iere is a constant C = C(co, suc/i i/iai 

(11.4) c-l^-nCl-l/m) < N ( h j < ^-n 

11.1. The Model Case. Wc consider the case n = 2, the first nontrivial dimen- 
sion. Recall the model for p near an elliptic periodic orbit is p € C°°(T*(§ 1 xl)), 

P = T + |(a; 2 +e 2 ), 
with a > satisfying a ^ 7rZ. Then we study (lll.2[) for 

P = hD t + ^y + h-Di). 

Let 

= o P ^(f(x 2 + e 2 ) 

Q is just a/2 times the harmonic osciallator, so we have 

Qv k = h^(2k + l)v k 

for 

v k := h-'^Hkix/h^e-* 2 ^, 

IKIIl 2 = i, 

where H k are the (normalized) Hermitc polynomials of degree k (see, for example, 
[EvZw| ) . Note WF/jUft = (0, 0). Now we make an ansatz of 

u = g k {t)v k {x) 

for g k {t) to be determined. Plugging u into (|11.2|) yields 

hD t g k + -h(2k + l)g k = zg k , 

which implies 

9k(t)=exp(j [z-^{2k + \)h^j . 

Since the spectrum of hD t on S 1 is {27rm/i} mg Z; we have 

(11.5) z=^(2k + l)h + 2nmh. 

In the model case, since there is no microlocalization necessary (and, in particular, 
p is not elliptic at infinity), we actually have dense spectrum in any interval. 

In order to motivate our general construction, we present the same example 
from the point of view of the monodromy operator. Here we think of Q — z as a 
z-dependent family of operators on L 2 (V), where V C K is an open neighbourhood 
of 0. Then the monodromy operator M(z) is defined microlocally as the time t = 1 
solution to the ordinary differential equation 



(11.6) 



hD t M{z, t) + (Q- z)M(z, t) = 0, 
M(z,0) = id L 2 (v - ) ^ i 2 (y) . 
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Our general technique will be to find eigenfunctions of M(z) = M(z, 1) with eigen- 
value 1. Using again v k as in the previous paragraph, we try 

M(z,t)v k = e~ i27rmt v k , 

with m £ Z so that M(z, l)v k = vu- This yields from (If f .61) 

{-h2irm + -h{2k + 1 ) - v k = 

which is the same as (|f f .51) . 

11.2. Quasimodes on the Poincare section. Theorem [4] and the definition of 
the monodromy operator M(z) motivate us to study the normal form for a family 
of elliptic symplectomorphisms 

S z : Wi -> Wi 

under the nonresonance condition (jll.ip on dS(0), where W\ and W2 are neigh- 
bourhoods of £ R 2 "~ 2 . We use the standard notation of ISZJ and write 

ij = x 2 + £j, and 

ij = >: • ■ 

According to the results of [IaSj| and [ISZj , there is a symplectic choice of coordi- 
nates near (x, £; z) = (0, 0; 0) such that 

(11.7) S z =cxpH qz +0((x^;zD, 
for 

n-l 

q z = 2J *>j( z ) l j + R(Z>11, ■ ■ • i»n-l)- 

Here the remainder R(z, 1) = 0(i 2 ) and the Xj(z) are positive and depend smoothly 
on z. 

Further, if M(z) is the monodromy operator quantizing S z and 

(11.8) (i) z £ [-e /i 1/m , e h^ m ] + i(-c h, ah), 

(11.9) (ii) ij < h 1 /™ 

for m eZ,m> 1, then there is a family of unitary /i-FIOs V(z) such that 

(11.10) e lz ' h M{z) = V{z)- 1 e- z{Q( - z ' h) - z)/h V{z) + C* L 2^ L 2(/i°°), 
where 

00 

(11.11) Q(z,h) = ^2h j qj(z,I), with 

3=0 

qj (z,I) = 0(1) 

and 

q (z,i) = q z {i). 
Now let (3 6 N™ _1 be a multi-index and define 

3=1 
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with Hf3 j the Hermite polynomials as in §11.11 and cp chosen independent of h to 
normalize vp in I/ 2 (R n_1 ). The functions vp satisfy 

IjVp = h(2Pj + l)vp, 

and with 1 = (1, . . . , 1) € N" _1 we write 

Ivp = h{2j3 + t)vp. 

Hence we have 



(11.12) 

where 



Q(z,h)vp = [J2h j q j (z,h(2p + l))]vp 
\j=o 



tp(z) = hY,^(z)Wi + ^) + 0{h 2 ). 

3=1 

The quantization condition pi.9|) implies we have the restriction on : 

n-i 

\hj2^)m + ^\<ch^ m , 

3 = 1 



for < 1/m < 1, giving 

#{&(*)} = # 



(11.13) 



3=1 

#{|/3| < h 1 /™- 1 } 

h (l/m-l)(n-l) +0 (1). 



< C7i 1/r 



11.3. The proof of Theorem [6J Observe the functions Vp constructed above 
satisfy 

WF h vp = (0,0) 6R 2 "- 2 . 

Beginning with vp we want to construct vp^ and find values of z, (3, and k € Z so 
that 



(id - M{z))vp = 0(h°°). 



Let 



M(z) = V(z)M(z)V( Z y 1 = e -i{Q{^h)-z)/h 
with V(z) and Q(z, h) as in (jll.lOp . and observe M(z) = M(z, 1) for 
M(z, t) = exp(-it(Q(z, h) - z)/h) 

satisfying 



(11.14) 



hD t M(z, t) + Q(z, h)M (z, t) = zM (z, t) 
M(z,0) = id. 
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The spectrum of hDt on R/Z is {/i27rfc} for fc G Z, so we want the solution space 
to (|11.14p intersected with the solution space to 

(e tz/h -M(z,l))v = v 
to contain the "ansatz" space 

(11.15) v kt f } (t,x):=e- it2 " k v f3 (x). 
More precisely, Ufc l( g(l, x) = vpx, so we want to solve 

f hD t M{z, t)v fitk + (Q(z, h) - z)M(z, t)v 0tk = -zM(z, t)v^ k 
\ M(z,O)v Pik =v 0!k . 

That is, we want to find z satisfying 

2z - C p (z) = 2-rrkh, 

where C,p(z) 1S given by (|11.12| . 

Expanding Q(z, h) in a formal series in z as we may do according to the quan- 
tization condition (|11.9p . we write 



(11.16) Q{z,h)=Y J z l Qi{h,I) 
microlocally, with 



and 



Hence we will seek 



Q = ^A J (0)/,+O(/ 2 ), 

3=1 

Qi = O(I). 



3=0 

with 4^ = C(/i (j+1)/m ). For 4% we solve 

ra-1 

2 45 = ^E A ^°)( 2 ft + i) + 2fc ^ 

3=1 

which is 0{h x l m ) if 

(11.18) < Ch 1 /™- 1 . 

For 4*g we plug 4°g + z^ into (|1 1 to get the equation 

n— 1 oo 

2 43 + 243 = h E A 3(0)(2/53 + 1) + aAwrfc + £(45 + zQ) l Qi{h, h(2(3 + 1)) 

3=1 1=1 

= 2zg + 45QiC». + !)) + 0(^ 3/m ), 
provided 4^ = 0(h 2 ^ m ). Hence we choose 

,(i) _ Jo) 



2 4^ = 4^(^M2/3 + i)). 
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Continuing in this fashion, we select z k ^ for j > 2 using the following equation: 

2 I>8 = EfE z &) QAh,hw+m 

r=0 r=Q \ 1=0 ) 

modulo 0{h^+^/ m ), hence zfy = 

Now there is no reason why (| 1 1 . 1 7[) should converge in any sense, so we want to 
find a convergent series 

~Zk,p = E ~ z kl 

with zfy = 0(h^ +1 ^ m ), satisfying 

roiV 

(11.19) h, -J2 z ki = O(h N ) 

o 

for every TV > 0. For this, we follow the proof of Borel's Lemma from [EvZw| . 
Choose x G 2]) satisfying x = 1 on [0, 1]. Set 

OO 

3=0 

where Xj — > oo, Xj < Xj+i has yet to be selected. Observe for each h > 0, this is a 
finite sum, hence converges. We calculate: 

mN+m oo mJV+m 

*m- E *8 = E x(A i hK c 5+ E *$(x(vo-i) 

j=0 mJV+m+l 

=: A + B. 

But since x\(x) is uniformly bounded, we have 
\A\ < 

< 
< 

if Xj is sufficiently large. 

To estimate B, we observe for < X m N +m h < 1, B = since % = 1 on [0, 1]. If 
XmN+m < h, we calculate 

mjV|m 

|S| < ^^ +1)/m (x(A^)-l) 
o 

which is l|11.19p . 



Ai/i 



E C>°' +1)/ro 5x(A^) 



miV+m+l 



]T (-^(j-m+l)/"^-! 



mJV+m+l 
oo 

/i w ^ 2-j 

m.N+1 
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Now for fixed (/3, k) and N > 0, we have the crude estimate 

(mN+m \ ' / mN+m \ 

E (*$)) =hw- E (^)l(io(i)). 

which from the definitions of z k ,p, Zk,p, and Qi(h, I) gives: 
hD t M(zk,0,i)v/3 + (Q(zk,p,i) - Zk,p)M(z k ,p,i)vp = 
= hD t M(zk,p,t)vp 

i 

mN+m 



I mN-\-m 


(mN \ 


E 




\ 1=0 





+0(/» JV )||^|| ia(B »-i ) 
= (2knh - z k ,p)M(z k ,p, t)vp + 0(h N )\\vp\\ L 2 (W n-iy 
Hence 

M(z^,t)^- e it ^ fc -^^/^^+^(^- 1 )||^|| L2(R „- 1) , 

so 

( e *u.0/h _ M(z k ,p))vp = 0(/i Ar - 1 )|| U/3 || i2(K „- 1) 

for any N, or 

(e«*. P //. _ M{z k ,p))vp = O(h°°)\\v \\ L2{Mn -i } . 
Now the definition of M implies 
M(z k j)V(z k ,fi)~ 1 vp = Vizk^vp + 0(ft 00 )||V(«fc l/ j)" 1 W/9lU a (R'»- 1 ). 

so 

with E + defined in satisfies ([TO]) . 

Finally, the quantization conditions (|11.8H11.9|) and the estimates (|1 1 . 13|) and 
(fTTTTgl) give 

#{z : (Q(z, h) - z)v = 0(h°°)} > C^h-'^ 1 - 1 /^, 
which is (|11.4|) . 
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Appendix A. Tools from ODE Theory 

Next we consider the ordinary differential equation problem 

<p'(t) = A(t)tp(t), 
<p(0) = id, 



where A(t) : R — > M n is an n x n matrix-valued function. It is well known that 
if A(t) is smooth and grows at most polynomially in t we can solve (j A. 1[) for all t 
using an iterated integral. More precisely, let 

A Q = id , 

Ai(t) = / A(ti)dti, and 
Jo 

A k (t) = f Afa) A^it^dh, for k> 2. 
Jo 

Then for k > 1, 



j f A k {t) = A(t)A k ^(t), 



and 



<p(t) = J2A k (t) 

k=0 

solves (|A.ip . To see the series converges for any t, observe that since 

WAit)]^ < Ct N 

for some N, by induction we have the estimate 

ivr\ f N+k f N+k 

\\Mt)U<c WTW _<_c rl —. 

This is the classical "time-ordered integral" solution to (|A.1[) . 

Motivated by the requirements of SjS]we want to consider the following problem: 
Find a smooth matrix-valued function B(t) : [0, 1] — > M n such that B(t) has 
compact support in (0, 1) and we can solve 



(A.2) 

where tp(i) solves (|A.1[) . 



= B(W(t) 
i/>(0)= id, = 



Lemma A.l. There exists B(t) G C c °°((0, 1); M n ) and ip(t) G C°°([0, 1]; M n ) satis- 
fying 

Proof. Let X (t) € C°°([0, 1]; [0, 1]) satisfy 

(i) x = 0foriG [0,1/3], 

(ii) X = l fort G [2/3,1], 
(hi) x' > for t G (1/3,2/3). 

Then ijj(t) = ip(x(t)) satisfies |X2] with 

B(t)= X '(t)A( X (t)). 

□ 
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Appendix B. Tools from Symplectic Geometry 

We will need some facts about Hamiltonian vector fields. The following Lemma 
is known as Jacobi's identity. 

Lemma B.l. Suppose k : U — > V is a symplectomorphism, q £ C°°{U), and H q is 
the Hamiltonian vector field of q. Then 

K*H q = iT( K -i). g . 

Proof. Let lu be the symplectic structure on V. That k is a symplectomorphism 
means for p £ U, 

(k*uj)\ p = Uj\ K{p} . 

Let Y be a vector field on V. We need to determine how the 1-form (K*H q )_iui acts 
on Y. We calculate for p' £ V: 

UJ P > ([K*H q )\p, ,Y\p,) = uj\ p , ([K*H q ]\ p ,,K4K- 1 Y\ K -i {p , ) ]) 

= (k*w)U-i( p ') (H q \ K -i( p , )l (K- 1 Y)\ K -i {p , ) ) 

a 

Appendix C. Semi-hyperbolic geodesics in 3 dimensions 

In this appendix, we modify the example of Colin de Verdiere-Parisse |CVP] to 
extend to three dimensions and have a semi-hyperbolic geodesic. 
Consider the Riemannian manifold 

M = R x /Z x R y x R z 

equipped with the metric 

ds 2 = cosh 2 y{2z 4 -z 2 + l) 2 dz 2 + dy 2 + dz 2 . 
Thus the matrix for the metric 

cosh 2 y(2z A - z 2 + l) 2 , i = j = 1, 
1, *=j = 2,3, 
0, i + j- 

and we calculate the Christoffel symbols: 

r 2.i = r !,2 = tanhy, 
r 3,i = r i,3 = (8^ 3 - 2z)(2z 4 - z 2 + 
T 2 x l = -sinhycoshy(2z 4 - z 2 + l) 2 , 
Tl A = -(8z 3 - 2z)(2z i - z 2 + 1) cosh 2 y, 
with all other Christoffel symbols equal to zero. The geodesic equtions are 

x = -2(tanhy)yi: - 2((8z 3 - 2z){2z 4 - z 2 + l)^ 1 )^ 

y = sinhy coshy(2z 4 — z 2 + l) 2 x 2 

z = (8z 3 - 2z)(2z 4 - z 2 + l)cosh 2 yi 2 . 
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Figure 8. The x-z hypersurface in M with some representative orbits. 



Setting v x = x, v y = y, and v z = z, we get the first order system 



-2(tanhy)v y v x - 2((8z 3 - 2z)(2z 4 - z 2 + l) -1 )^^ 
v y , 

sinhycoshy(2z 4 - z 2 + l) 2 v 2 x , 

V z , 



z 

v z = (8z 3 - 2z)(2z 4 - z 2 + 1) cosh 2 yv 2 x . 



There are trivially three periodic geodesies, given by the solutions 

x(t) = v x (0)t + x(0), 

y(t) = o, 

z(t) = 0,±l/2. 
Next we examine the Laplacc-Bcltrami operator on M. We compute 
A = \g\- 1 / 2 d i \g\ 1 ^g ij d j 

= cosh" 2 y(2z 4 - z 2 + iy 2 d 2 x + d 2 y + d 2 

+ tanhyd y + (8z 3 - 2z)(z 4 - z 2 + l)~ 1 d z . 
The isometry T : L 2 (M, dVo\ g ) -> L 2 (M, dx dy dz) given by 

Tu(x, y, z) = cosh 1/2 y(2z 4 - z 2 + l) 1/2 u{x, y, z) 
conjugates A into a self-adjoint operator A. A computation yields 
A = TAT' 1 

= cosh" 2 y(2z 4 - z 2 + l)- 2 d 2 x + d 2 + d 2 - J(l + scch 2 y) 

+ I( 8z 3 _ 2z ) 2 (2z 4 -z 2 + I)" 2 - i(24z 2 - 2)(2z 4 - z 2 + l)" 1 . 
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In keeping with the theme of this work, we want to examine asymptotic behaviour 
of eigenfunctions for this operator. In order to separate variables, let 

<Pk,\(x,y,z) = e ikx ip k , x {y,z), 

and compute: 

-Aip k:X = 

= ( - A ViZ + k 2 cosh~ 2 y(2z i - z 2 + 1)~ 2 + i(l + scch 2 y) 

~(8z 3 - 2z) 2 (2z 4 -z 2 + I)- 2 + i(24z 2 - 2)(2z 4 - z 2 + l)" 1 )^. 
Rearranging, we have the following equation for 

( - A y . z + fc 2 (cosh- 2 y(2z 4 - z 2 + 1)~ 2 - 1) 

+ + scch 2 y) - i(8z 3 - 2z) 2 (2z 4 - z 2 + I)- 2 

+ l(24z 2 -2)(2z 4 -z 2 + l)- 1 )^ A 

= (A-fc 2 )^ fe ,A. 

We divide by fc 2 and use h = 1/k as the semiclassical parameter, giving 
P(/i)V/, = (-h 2 A yz + V(y,z))^ h 
= (h 2 X-l)i; h , 

with 

V{y,z) = cosh- 2 y(2z 4 - z 2 + I)- 2 - I + 

h*l(l + scch 2 ^) - h 2 ^(8z 3 - 2z) 2 (2z 4 - z 2 + I)" 2 

+/t 2 i(24z 2 -2)(2^ 4 -z 2 + l)- 1 . 

The semiclassical principal symbol is 

a h {P) = rf +C 2 + cosh" 2 y(2z 4 - z 2 + 1)~ 2 - 1 
= : ?7 2 + C 2 + V^- 

Observe V has nondegenerate critical points at y = 0, z = 0, ±1/4. The signatures 
of f? 2 !^ are (—,+), (—,—), and (—,—), respectively. Thus the quadratic part of the 
normal forms for (Jh{P) takes the form 

\lVV + ~~^~( z2 + £ 2 )> near V = 0, z = 0, and 
Ai?;?^ + A2^Ci near y = 0, z = ±1/4. 
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